In nitesimal Modeling, Part Il

Chapter 9.

THE BEGINNINGS OF
DIFFERENTIAL EQUATION MODELING

9.1. Brief Discussion.

In the previous sections we presented the standard rules nonstandard rules and the highly
successful method of elements in order to establish integkanodels. The strengths of the derivations
depended rst; upon the acceptance of an appropriate correspondence betee the terms within
a speci c discipline and objects within the mathematical structure; and then upon three specic
methods. The presence of the In nite Sum Theorem and the two $If-Evident Theorems led to
what appear to be strong derivation arguments. As far as the ery popular \method of elements"
is concerned for the geometric case the nonuniqueness of the chosen elemeintroduced a de nite
weakness into the method. For the physical casethe point charge method of application 7.2.5
and the elements of energy used in application 8.2.1 may notd considered particularly realistic
in character. Interestingly enough, however, the elemental method of constants  which allows
function evaluation at \convenient points" is often an easily accepted facet of in nitesimal modeling.
The reason for this is that experience has shown thatfor the physical applications; quantities that
are in nitely close within the NSP-world produce the same natural world e ects.

Di erential equation models are somewhat more dicult to ju stify for numerous reasons.
Primarily ; this is due to the often vague \rules of correspondence” whie must be introduced. These
rules; stated in a secondary metalanguagecreate a correspondence ; between a list of terms or re-
lations selected from a discipline theory and a list of termsor relations selected from a mathematical
structure. For di erential equation modeling ; the relation is de ned in a more piecemeal fashion
than is the case for integral modeling. Whereas in integral mdeling; the hyper nite sum concept;
the Self-Evident Theorems and the like require that maps certain terms and corresponding re-
lations to speci ¢ mathematical objects; this is not the process dictated for di erential equation
modeling.

Within a speci ¢ discipline what constitutes simplistic or idealized behavior is not just de-
termined by nonmathematical experience and intuition. Using a back-and-forth correspondence
technique speci ¢ simplistic behavior that approximates the more complex is selected in concert
with an available mathematical structure. This simplistic behavior is then imposed by intuitive
*-transfer; upon an in nitesimal portion of the NSP-world.

The historical development of the di erential calculus does not follow the customary patterns
incorporated into our modern textbooks. Indeed the originators of this subject relied heavily upon
visualization and the experiential aspects of objective rality; not only for their basic modeling
techniques but also for their methods of algebraic manipulation. The stolastic training of the 1600's
emphasized certain acceptable approaches that did not cl&swith philosophical dictum. Their meth-
ods became controversial when abstractions were made thaed away from what some considered
to be perceivable reality.

What are the intuitive notions that the originators of the in nitesimal concept attempted to
model and can we learn the foundations of such modeling fromhieir writings? First ; it was assumed
that geometry was the servant of natural philosophy. In the 1686 preface of the rst addition
of Newton's \Mathematical Principles of Natural Philosophy" he writes \Therefore geometry is
founded in mechanical practice and is nothing but that part of universal mechanics which aagrately
proposes and demonstrates the art of measuring.'[Newton [1686]] Berkeley tells us that \Lines
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are supposed to be generated by the motion of pointsplanes by the motion of lines and solids
by the motion of plans." [Berkeley [1734] ] Consequently, during the period of its formation

the in nitesimal calculus and its application to natural ph ilosophy was based upon point-motion
that produced geometric con gurations. Newton took the concept of the locus made additional

observations and with respect to natural philosophy; claimed that such motion was caused by
\forces." These forces coupled with experiential evidencéead to other motions that produced other
geometric con gurations that can predict other motions and observable patterns. Thus physical
observation of moving objects came rst; followed by the corcept of motion; which leads to geometry;
which; coupled with force relations leads to other geometric patterns; which were interpreted a
paths of motion. Finally; these paths of motion predicted the location of observable raving objects.
As is seen in the next sectionit is the coalescing of motion distance traveled and absolute time
that produced the in nitesimal calculus and is the fundamental methodology that leads to geometric
di erential modeling.

9.2. The Limit.

For elementary limit theory all that one needs is a simple aleration of De nition 4.4.1. For
P2 R"; let the deleted monad be Yp = (P f o

De nition 9.1.1. (Limit of a Function). For any nonzeron;m 2 N and any nonempty
A R" afunction f:A! R™ hastheLIMIT= [LCasx! p2 R"if AP\ A6 ; and

fLAM\ Al (B

The following theorem is obtained in the same manner as the aoesponding one for continuity.

Theorem 9.1.1. De nition 9.1.1 for the limit of a function is equivalent to t he classical
de nition.

The basic properties of the limit operator follow from those of the standard part operator. And;
for this reason the next theorem; which follows from Chapter 10, section 1, corresponds for extended
standard functions to the classical de nition of the derivative.

Theorem 9.1.2. Suppose that nonempty openA R" anda2 A: Then f:A! R™ is
di erentiable at 4 if and only if there exists a unique linear mappingT,: R" ! R™ such that for
each~2 (0);
fatr~) f(@= Ta(-)+(k-K (=);

where (~)2 (0):

9.3. Fluxions and Dynamic Geometry.

In the middle 1600's Newton utilized a purely dynamic method to arrive at his geometry.
He introduced a new type of dynamics that for some natural phiosophers was not related to the
material world and would need to be rejected. | will not go into this controversy in this manual.
However, Newton's dynamical (loci) methods, restated from the view point of Robinson's theory,
may be a better approach to the foundations of in nitesimal modeling than presently presented
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within the standard calculus course. Unfortunately; some of Newton's actual demonstrations of the
more complex geometric conceptssuch as curvature are not valid from the viewpoint of Robinson's

theory and require slight alterations. When these alterations are conjoined with Robinson's theory

then elementary demonstrations are easily obtained and coprehended.

In Newton's paper [Summer 16€5an algorithm is given that yields the relations between the
\uxions" p; @ associated with the variablesx; y: These variables are related by an algebraic
expression that is assumed to generated a geometric con gation. In Newton [Oct. 1665 - May
1666: 383] the algorithm is speci cally described. How Newton, by observation; arrived at this
algorithm and what exactly p; qrepresent is discussed later in his paper. A better explanabn of
how he formulated his algorithm and the meaning of the term uxion appears in his Oct. 1666
tract [ Newton, 1666]. Under proposition 7 [Newton 1666:407; he explains his algorithm step by
step. After some exampleshe discusses how he arrived at this algorithm and what uxiors signify
[Newton 1666:414. First; he considers two \bodiesA; B moving uniformly.” He lets an algebraic
expressionf (x;y) = 0 represent a relation between the distance traveled by these two bodies. Then
Newton introduces the concept of the distance traveled by a bdy having uniform velocity p; usually;
over a \moment" of \in nitely small" time  o: Newton represents the distance each body travels by
the sum of line segment lengths. BodyA rst travels along ac and at the same time bodyB travels
along bg: Now in an \in nitely small" period of time ; o; body A travels along cd and during the
same time interval body B travels along the segmentgh: He states that the motion is not; in general
uniform; but it is \as if the body A with its velocity p describe the in nitely little line cd= p o
in one moment, in that moment the bodyB with the velocity g will describe the linegh= q o0: So
that if the described lines beat = x; and bg = y; in one moment they will bead = x + po; and
bh= y+ qoin the next."

Newton claims that the uxions p and g are a type of velocity (what type?) and he proceeds to
demonstrate how relations between these uxionsin particular the relations relative to the quotient
g=p;are obtained. It's within this demonstration that contradi ctions occur. Newton writes \Now
if the equation expressing the relation between the lines and y bex® abx+ a> dy? =0: | may
substitute x + poand y + qointo the place of x and y; because (by the above) they as well asand
y do signify the lines described by the bodies and B: [Of course this statement would only be true
if uxions or the motion of the bodies is uniform over a standard time interval ; o; and the ordinary
Galilean physics is applied.]By doing so there results

x3 +3pox? +3p?c’x + p0® dy? 2dpoy dgfo?
abx abpo
+a®=0: 1)
But x3 abx+ a® dy?=0 (by supp). Therefore there remains only
3pox? + 3p?0’x + p°0°  2dqoy dgfo® abpo=0: (2)
Or dividing it by o/it is
3px? +3pox+ p®0o® 2dqy dgfo abp=0: (3)

[Thus for the algebraic processes of the 1600tsis a nonzero real number. Newton goes on to write:]
Also those terms are in nitely little in which o is. Therefore omitting them there results

2

3px© abp 2dqy=0: (4)
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The like may be done in all other equationsNewton would then continue and express his important
ratio
q_ 3% ab
p~  2dy

Obviously step (4) is not justied and to some; such as Berkeley contradicts the nature of the
in nitely small nonzero quantity o: After this; and in other demonstrations Newton indicates that
he guessed at portions of his uxion creating algorithm by applying this steps (1) - (5) to numerous
algebraic expressions and making certain observations ae the physical appearance of such equations
(4) and (5). This algorithm ; it is claimed; simply eliminated the need to apply continually the above
often criticized; process. Newton repeats similar derivations in his Winter 70 - 1671 tract as well as
suggesting that the delineated process may be applied to rations between three or more variables.

Assuming that the paths of two objects can be so linearly disfayed; then modern in nitesimal
analysis seems to reveal Newton's intentions and correct kivague logic. First note that Newton
assumes without justi cation that the q and p that appear in equations (1) - (3) are the same
as those that appear in (4). Since this should not be so assurdethen in all cases suppose that
when the process arrives at an expression such as (4) that theg is replaced byQ and the p by P:
Newton seems to describe his notion of the \in nitely small" in his Scholum following Lemma Xl
of Book one of his 1686 treatise. In particular he discusses the \ultimate velocities"Q and P and
his ratios Q=P that he calls \ultimate ratios." Perhaps it may be objectedthat there is no ultimate
proportion of evanescent quantities; because the propodn; before the quantities have vanisheds
not ultimate; and when they are vanished is none. But by the same argumentritay be alleged that
a body arriving at a certain place and there stopping has no ultimate velocity; because the velocity
before the body comes to the plarés not its ultimate velocity; when it has arrived, there is none.
But the answer is easy; for by the ultimate velocity is meanthat with which the body is moved
neither before it arrives at its last place and the motion ceses nor after; but at the very instant it
arrives; that is; the velocity with which the body arrives at its last placeand with which the motion
ceases. And in like manner by the ultimate ratio of evanescent quantities is to be undstood the
ratio of the quantities not before they vanish nor afterwards; but with which they vanish....For those
ultimate ratios with which quantities vanish are not truly the ratios of ultimate quantities; but limits
towards which the ratios of quantities decreasing withoutimit do always converge; and to which
they approach nearer than by any given di erencg but never go beyondnor in e ect attain to ; till
the quantities are diminished_in in nitum. What has been described by Newton is very close to the
classical limit notion. However, from his applications and arguments this does not seem to be kat
Newton truly believed but only a popular exposition that would not o end the geometers of his day.
As is well-known Newton was very fearful of criticism and even though he would use his uxion
methods in private to model physical behavior he did not perform uxion computations directly
within this all important research document.

In equations (1) - (3) suppose that the o is a standard real number and that it is claimed
that (3) holds in M for any such o that is an \in nitely small " real number. Berkeley [ Berkeley
[1734] ] indicates that the Leibniz school would include quantities that are \smaller than" those
real numbers previously termed as in nitely small. By *-tra nsfer of Berkeley's description it follows
that expressions such as (3) would hold for any in nitesimal : Further; Newton's notion of motion
and velocities can be embedded into an appropriate R": All other objects that appear in such an
equation as (3) are considered xed standard constants or fations in o: In order to determine what
the quantities p or g are measuring let's simplify our investigation and assume that the relationship

()
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between the distances traveled by bodyA and B is implicitly functional. Indeed ; let f:[a;]! R
and; as with Newton; denotey = f (x); where xed x 2 (a;b): Replicating Newton's process down

to step (3) obtains
fx+pog f(x).
q= o :

(6)

Equation (6) gives a relation betweenq and p and the arbitrary in nitely small real number o:
Newton requiresqand p to be some type of velocity (uent) and it is not unreasonable that whatever
kind of velocity these quantities might be measuring that they be bounded over his set of in nitely
small times. Further; from the above descriptions the \in nitely small" ; we suppose that ifo; is
in nitely small ; then any quantity o such that joj < jo;j is also in nitely small. Thus even if we
consider o as a real number then *-transfer yields

fx+ p) f(¥).

()
where 2 (0):
If p=0;then q=0: Suppose therefore; that p 6 0: Then
f(x+ f(x
g= p fx* ) f0O -
p

Assuming that f is di erentiable at x then application of de nition 9.1.1 implies that

Q=st(g=st(pst FFP) T proy ©)

p

Can we be certain that Newton's ratio g=pmay be formally written as Q=P = f % In his 1666
tract; Newton claims to obtain the fundamental ratio g=pby rst substituting for x the expression
X + o and letting y = y + (g=p o; where o is an arbitrary in nitely small real number. Developing
the above formal derivation leads to

ng(x+o) f(x): (10)
p o
g _ fx+) 0. a1
o ;
q _ fx+ ) () _ _ Q.
st P =st ——M——= —fo(x)—E. (12)

As Newton did in his applications; where g and p where characterized merely as velocitieshe
would also arrive at an expression forq only; by assuming that sinceq and p are introduced as
arbitrary parameters then one could simply let p = 1: The nal result he would obtain ; prior to
omitting the higher order o's; would be as expressed by equation (10). Thus his two methodsra
not quite equivalent; but; rather; equation (12) should probably be expressed as

fx+ ) f(x)

st( g)= st = f%x) = Q: (13)

Equation (13) is signi cant for ; at least; two reasons in his applications. First for unit constant
velocity p; the velocity measured by q is the average velocityand as suchq would behave in the

80



In nitesimal Modeling, Part Il

in nitesimal world in accordance Galilean physics where in nitesimal time is considered as a
parameter. Secondly Newton often used the expression

q_f(x+o f(x);pzl;

: ’ (14)

to obtain what we now know to be the second derivation off at x. This he did by writing z = g
and then expressing the relation between the velocity (in our notation not his) of z as

f((x+o0+o0) f(x+o0).

z+ Ro= 5 (15)
This obviously leads to
r:f(x+20) 2f(x+0)+f(x)) (16)
0?
R=f@(x); (17)

assuming that the second derivative off exists at x and applying Theorem 8.4.2. In his writings
Newton used his famous \dot" notations which; unfortunately; do not correlate formally to their
meaning in terms of our modern concepts. For examplein the above displayed equations he would
often write p= x; g =y and r = z: This is not equal to the dot notation employed in elementary
calculus wherex = st ( q):

9.4. Fluxions and Higher Order In nitesimals.

| have often wondered while reading physical arguments thatpurport to derive a particular
expression relating measurable quantities what rulesif any; govern the elimination or omission
of \higher order" increments. Is it only experience or a deepseated intuition that leads to the
assumption that the omitted quantities will not ; indeed essentially in uence the outcome or are
their other unexpressed factors that have entered into suctderivations?

The actual method used by Newton to establish the majority ofthe physical principles discussed
in his Mathematical Principles of Natural Philosophy [Newton [1686]] is the theory of uxions and
a specialized process of omitting higher order incrementsNewton would expand expressions into
nite or in nite series intending to remove eventually all e xpressions involving his in nitely small o
through a division process. This required him to omit various expressions involving products with
0: However, whether or not he omitted expressions involving the higher oder terms (i.e. terms
containing the factors 0"; wheren  2;) or not depended upon the nal proposition being sought.

Technically; the process was not xed; but was often altered in such a way that by omitting
certain; but not necessarily all, higher order terms from his expressions the nal results cold be
obtained through a division process that eliminated all of the remaining in nitely small factors.
Moreover, if; due to such technical uncertainties one attempted derivation failed to verify a result;
then many others were tried. This method of derivation is indeed vague and forced. But there is
a basic philosophy being expressed by such forced procedsreThis modeling philosophy is closely
resembles the concept of physical completenedsr a mathematical model. One believes that the
descriptive physical content of a theory is absolutely corect. Then it is believed that the standard
mathematical structure correlates exactly to the physicaltheory. Thus if parameters are introduced
such as in nitely small numbers; and any \reasonable" method is used to eliminate these paramters
then; since the nal expressions involve only terms that correlae to the original physical theory;
the nal expressions \must" give an accurate model for physical reality. This is the same reason
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why the original creators of di erential equation models were convinced that their equations had
solutions; since in their philosophy the equation obtained mustpredict physical behavior and the
physical behavior does seem to occur.

Obviously; Newton's methods were very successful. The time parametehfit Newton introduced
into his dynamic geometry need not of course be an actually parameter. Thus when some of the
in nitely small time increments could not be removed by a division process the nal expressions
could retain the increments expressed in terms ob with the understanding that the result was
approximate - the approximation being relative to the \smallest" of o: The Newtonian methods
of arbitrarily eliminating higher order increments contin ues today. Our concern however, is with
rigorous di erential equation modeling where such arbitrariness may be partially eliminated.

9.5. What is a tangent?

Our modern analogue for the uxion concept is captured by the vector notion. Today; core
mathematics courses utilize the theory of free vectors at arearly stage in the calculus curriculum.
The interpretation of such vectors as represented by diread line segments \attached" to points in
R" yields the associated geometry. In all that follows it is assume that all vectors are limited (i.e.
members of O":) Referring back to Example 4.4.1A or the rst page of Appendix 6; a continuous
c:[0;1] ! R" is called a curve and is assumed also to be generated by continuous coordinate
functions f;:[0;1]! R"; where for eacht 2 [0; 1]; c(t) = (f1(t);:::;fn(t)): In order to visualize the
geometry, one may assume thatn = 3 even though all of the results in this section hold for any
positive n 2 N:

From our NSP-world analytical viewpoint; a curve is represented entirely by a collection of
hyperpolygonal curves. Can we formulate a geometric de niton for a possible tangent vector to
the curve c at somec(t); wheret 2 (0;1) which appropriately generalizes the Euclidean concept?
Obviously; requiring a tangent line to be unique would eliminate immedately the basic plane geom-
etry de nition that such a line would intersect the curve in at most one point. Since however, the
properties of the curve should be entailed by the collectiorof hyperpolygonal representationsfP g;
then a seemingly natural de nition for the existence of a tangent line might involve the collection of
all hyperline segments that have standardc(t) as one end point and constitutes one of the hyperline
segments (theelements ) in some member offP g: More speci cally; this means that a hypervector
that would represent such a hyperline segment would be of thdorm c(t + dx) c(t); where dx is
an nonzero in nitesimal. Intuitively ; the tangent line and these hyperline segments should be in-
nitesimally near to each other. This corresponds to the requirement that the measure of the plane
angle between a tangent vector and each of these hyperlinegments be in nitesimal or in nitesimal
close to : The next de nition models this easily grasped geometric piture since the cosine of the
measure of such an angle is in nitely close to 1:

De nition 9.5.1. (Tangent Vector to a Curve). Let continuous c:[0;1] ! R"; and
t 2 (0;1): A standard unit vector T is a TANGENT  at c(t) if for each dx 2 90);
c(t+ dx) c(t)

Ko+ dx) oDk =

Denition 9.5.1 is meaningless if there exists some dx 2 %0) such that
k ct+ dx) c(t)k = 0: Now writing Theorem 9.1.2 in the form ( c(t + dx) c(t))5dxj =
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( To)(dx=jdxj)+ (dx)itis obviousthatif cis di erentiable at t andc(t) 6 0;then c(t+dx) c(t) 60

for any dx 2 90): De nition 9.5.1 points directly to derivative of ¢ as being a primary candidate
for tangent consideration; as is well-known. In some textbooks on this subject a tangentector is
simply de ned as the derivative. This approach does not showconclusively, how the tangent vector
corresponds to either the geometric notions or to the elemeal method. In this section applications
to geometry are being stressed. For this reasgnthe following theorems are established in their
entirety within this section rather than hiding them in an ap pendix. The dot product; ; is the
Euclidean inner product.

Theorem 9.5.1. Let continuous c:[0;1]! R" be dierentiable at t 2 (0;1) and ct) 6 ©:
Then c(t)=kct)k is a unit tangent vector at c(t):

Proof. From the above discussion we know that c(t + dx) c¢(t) 6 0 for any dx 2 90):
Referring back to the basic elemental derivation process ofxample 4.4.1A in appendix 6 or as used
in application 8.2.1 it follows that for each dx 2 9%0); k c(t + dx) c(t)k = ke(t)kjdxj + jdxj;
where 2 (0): Thus let dx 2 90): Then

Ay ctrd) o) | A e
ke(t)k kot + dx) c(t)k kd(t)k ke(t)k+ @)

) (cX)+

kADk  kAk+ )
where 2 (0): Distributing obtains
_ oY A+ )
Y RO KADK+ ) @)
ct) cYt) ct) cYt) 4

KAOK(KADK+ ) KAKKADK

Theorem 9.5.2. Let continuous c:[0;1]! R" be dierentiable at t 2 (0;1) andc(t) 6 O: If T
is a unit tangent vector at ¢(t); then T = (cYt)=kcXt)k):

- ®
Thus P " af D) 1) )
vV = in((;)\Z/ 10v 1
af(t) = o )2 = @ﬁ : afhA @ﬁ : FAt)2A : (7)
i=1 i=1 i=1 i=1

Since neither vector is a zero vector then the Schwarz Inequidy states that there exists some nonzero
d such that T = d(c(t)=kcXt)k: Thus kTk = jdj cXt)=kc(t)k )j dj =1 and the proof is complete.
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9.6. What is an (k-surface) Osculating Plane?

One of the early concepts used by proponents of di erential gometry is the notion of \con-
secutive" points in a curve or surface. Modern textbooks such asStruik [1961] ; emphasize this
intuitive approach; even to the point that some of their derivations may be consi@red less than
fully justi ed. The de nitions for those signi cant geomet ric objects associated with the tangents
are often given without adequate discussion as to the geomet content of the de nition and why
various constraints are necessary. Modern in nitesimal amlysis eliminates this vagueness.

Before extending our results to thek-surface case we look at the 3-dimensional prototype. Let
to;t1;t2 2 (0;1) and assume that the vectors€ = c(t1) c(to); & = c(tz) c(tp) are linearly
independent. The unique plane containing the two line segm@ representations for€;; € attached
to c(to) is ( c(to);e; &)= fx %2 R3" (%= c(to)+ €1+ €2)" (; 2 R)g: Elementary linear
algebra may also be used to nd (c(to); € ;€): Consider the matrix

° x (o) !
A= A(xclto); e, 8)= @ ¢ A (1)
©

Let nonzero B be a member of the 1-dimensional null space ofA(c(to);c(to);€;€): Then

( c(to);e; &)= ( B;dtg) = fx %x2 R3~ (x c(tg)) B=0g=fx %2 R~ det(A) =0g: Once
D is selected then the fact thatc(tp); c(t1); c(t2) are members of this plane can be characterized by
the equation

f®)=(clt) B (c(to) B): (@)

Now let us assume that the second derivatiorc® is continuous on (Q 1) and that to <t <t ,:
Since in this case f (tp) = f (t1) = f(t2) =0 and [tp;t2] (0;1); then Rolle's theorem tells us that
there existsvy; vo such thattg vq; t1 Vv, t, and such that

fO(v)=c(v)) B=0

f®(vz) = P (vy) B=0: 3)
Moreover, there exists somevs such thatv; vz v, and

f@(vs) = P (vs) B=0: (4)

Embedding the above remarks into the NSP-world then it follows that for three tg;t1;t2 2 (0; 1)
andty t; ty t92(0;1) (ordered as previously) such that c(t;) c(tg) = c¢1; c(t2) c(to) =
¢, are linearly independent in R® and for any nonzerob 2 O3 in the 1-dimensional null space for
A( c(to); c(tp); c1; ) there exist vq; vz suchthatvy vz tp t; tzand

(clte) B (clto) = cP(vy) b= cP(vz) b=0: )
But; we also know thatfvy;vs;to;t1;t20 (t9: Continuity of the derivatives yields that
DY b 0,21 b 0 (6)

and thus
DY) stm=0; cP@Y st(m=0: 7)
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Now what would happen if c¢® (t9;c@ (t9 are linearly independent? Let B =
A(%; o(t9; ¢ (19; ¢ (t9) and consider the plane ( st (B); c(t%): Obviously; if bis considered a lim-
ited normal to the object ( B; c(tp)); then we have normals to the two planes that are in nitely
close. More signi cantly; however, is the fact that these planes do satisfy an \in nitely close " type
property. Extending the above discussion ton-dimensional spaces we have

Theorem 9.6.1.

() Let c:[0;1]! R"; n> 1andassume that forsomeé suchthatl k n 1the k-derivative;
c(k); is continuous on(0; 1):

(i) Let fto;:::;tkg (0;1) have the properties that f ¢ G = cty)
c(to) M 1 [ kg is linearly independent in R" and t; tj t° 2 (0;1);
0 ij k

Then forevery limited a2 ;=fx %2 R""(x= c(tg)+ 1+ + o)™ ( 1;::5 k2
R)gthere exists€2 = fx %2 R"* (x= c(t9+ @9+ + N ( 1;:::; « 2 R)g
such thata €:
Proof. As in the illustrated case consider the matrix

Ox oto)!
€
A(x;c(to); € i &) = (9)
&
Let W be the k-dimensional subset ofR" spanned byfe;:::;agand W? the (n  k)-dimensional
orthogonal complement with respect to the Euclidean inner poduct. Let fb;:::;B, g be an
orthonormal basis forwW? : Now let B be then (n k) matrix formed by considering the vectors
B;1 i n kascolumn vectors. Then consider the (a ne) k-plane ( B;c(tp)) = fx %2 R" "
(* c(tg)) B=0g=1fx %2 R""9z(z2 W"x=2z+ctg))g= fx %x2 R"" (x =
c(to) + 1&1 + + x8)"( 1;:' k2 R)g; wheretg 2 (0;1): Let
fi)=(c(t) clto)) B:;1 1 n Kk (10)

wheret 2 (0; 1): Applying the same argument as in the above illustration we oltain the hyperplane

1= ( B; c(tp)); whereB isann (n k) matrix having limited column vectors. Notice that the
standard part of B is the standard part of each column vector and since the colum vectors form an
*-orthonormal set in  R" then the set of standard parts forms an orthonormal hence independent
set of vectors inR": Now equations (7) becomes

DY st(B)=0;:::;:cM1Y st(B)=0: (11)

Hence = fx %2 R"" (x c(t9) st(B)=0g: Consequently, if imited a2 1;then (a c(to))
B=0) (st(d) st(cty) st(B)=(st(a) c(tY st(B)=0) e=st(d)2 andthat a =<
Any set of (k + 1) points that satis es part (ii) of Theorem 9.6.1 is called a set of k +1)-

consecutive points in the curve c: If all of the hypotheses of Theorem 9.6.1. are satis edthen
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is called the osculating k-plane and this object is in nitely close; in the above sensgto any of
the other objects 1: Observe that if k = 1; then is but that tangent line to ¢ at ¢(t9):

9.7. Curvature.

Continue to assume that for the curve c:[0;1] ! R" the k-derivative; ¢®); is continuous on
(0; 1) and for our discussion letk =2 (n > 2); even though the following results also appear to hold
for k = 3: As is customary for technical purposes considerc re-expressed in terms of the arc length
parameter, s: Therefore; assume thatc: [0;L]! R" has continuousk-derivatives on (0; L); where L
is the length of the arc. Fors®2 (0;L); let fdg(s®)=ds; Pc(s)=ds’g be linearly independent.

Sincedc(s®=ds 6 0 then Theorem 9.5.1 implies that do(s®)=ds= T is a unit tangent vector at
c(sY): It is an easy exercise to show thatdT(s)=ds= d?c(s%)=ds’ is orthogonal to T and is a linear
combination of fc® (t9; c? (t%g for the correspondingt®2 (0;1): Thus; dT(s)=dsis a member of
the osculating k-plane at ¢(t% and for this useful reasondT (s®)=dsis selected as a (principle) normal
vector to the curve in that it is orthogonal to T: Normalizing; we obtaink = N; where N is a unit
normal vector to the curve. What might  represent where we have that > 0?

As in section 9.6 but in terms of the arc length parameter; let sp;s1;s2 2 (0;L) and assume
that the vectors € = c(s1) ¢(So); & = c(s2) ¢(so) are linearly independent. The uniquek-plane
containing the two line segment representations fore;; € attached to c(sp) is ( ¢(Sp); €1 ®) =
fx x2 R""™ (x=c(sg)+ €1+ €2)" (; 2 R)g: Consider ak-sphere of radiusr with center
€2 ( c(so);e;€): A general equation for such ak-sphere may be written as

f(s)=(x © (x € r2=0; (1)

where we have assumedas with equation (2) in section 9.6 that (1) is a function in s and that
it is satis ed by the points Sp;s;; Sz: Following the exact same process that led from equation (2)
through equation (5) of section 9.6 yields, forsp;s;;s2 2 (0;L); so s1 s» s°2 (O;L); a2
andr; 2 R; the hyperreal numbersv; vz s?such that

(c(so) 8 (c(s)) & ri=0
(c(so) ® (de=dg(va)=0 @)
(c(so) & (d’c=dS)(vs)+ (dc=d9(vs) (dc=d9(vs) =0:

The third equation in (2) implies that a2 O". The rst equation shows that r; 2 O if and
only if a2 O": The standard part operator obtains

(c(s) st(a8) (c(s) st(a) (st(r1)*=0

(co(s) st(d) (dc=d9(s)=0
(c(s) st(@) (dPc=dS)(s)+(dc=d9(s) (dc=d3(s") = 3)
(c(sh) st(d) (d’c=dg)(sH+1=0:

Now let €= st(d) and r = st (r1). By Theorem 9.6.1; €is a member of the osculatingk-plane and
thus ¢(s® €= (dos®=dg + (d’c(s®)=ds’): Employing equations (3) we nd that = 0 and
1= (d?c(s9)=ds) d?c(s®)=ds’) = 2: Consequently,

ofs) e=(1=)N; (4)
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and the radius of the k-sphere or thek-circle formed by the intersection of the osculatingk-plane
and this k-sphere is E: As is well-known this k-circle is called the osculating k-circle and gives
a measure to the curvature ofc at ¢(s?:

Summarizing these concepts from the NSP-world view pointwe have hypercircles in the hy-
perplane ; of Theorem 9.6.1 determined by the three consecutive pointsc(sp); c¢(s1); c(s2) that
are in nitely close to ¢(s%) with the center a2 ; and radiusr; 2 R: The continuity of the various
derivatives involved implies that the center of any such hypercircle is limited and in nitely close
to the center of a unique circle in  with coordinates ¢ = ¢(s% + (1 = )N and having radius 1=:
Notice that if < 0 the same result holds except that the radius of this unique icle is j1= j: The
2-dimensional case is obtained by considering the 3-dimeimal case but restricting the curve to a
coordinate plane. Originally; the concept of the curvature as we know it today;, was not the ap-
proach used by Newton. His derivation was for the radius of covature in the plane. He obtained the
correct expression but his proof was lled with serious logcal contradictions. Intuitively ; di erential
geometers describe the osculating circle as the unique cleccontaining c(s?) in the osculating plane
and \containing three consecutive points" from the curve. The nonstandard approach has eliminated
these vague concepts with their often forced derivations ad replaces them with comprehensible and
rigorous ideas. It would be signi cant to undergraduate edication if the entire subject matter of
elementary di erential geometry; with its wide area of physical application; was rewritten and pre-
sented in this more easily visualized NSP-world approach. @ce the basic notions are masteredhen
the intuition developed is an indispensable asset when thegpre extended to di erentiable manifolds.
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Chapter 10.

THE DIFFERENTIAL
AND PHYSICAL MODELING

10.1. Basic Properties.

There is one principle that is utilized continually in order to pass from the monadic environment
to the standard world without implication of the standard pa rt operator. The principle is called the
Cauchy Principle  and is the critical step required to establish the major resuts in this section.

Theorem 10.1.1. (Cauchy Principle) Let P(x) be a bounded formal rst-order expression
in one fee variable and employing internal constants (i.e. aounded formal internal property as
discussed in Appendix 4 within the proof of Theorem 4.2.2.) If P( ) holds for each 2 "(0); then
there exists an open ballB about 0 such that P (x) holds for eachx 2 B:

In the last section; it was assumed that we had established the concept of the di eential
formally. Obviously; this was not done and the situation needs to be recti ed prior to our brief
applications to physical problems. First, a slight notational change is bene cial. Let ¥ 2 R": Then
to prevent confusion in this chapter;, we denote (v) by "(v): | point out that what follows can be
easily extended to normed linear spaces over the real or corfgx numbers.

De nition 10.1.1 (Local Map). Let A R" and internal f:A' ! R™: Then f is a
LOCAL MAP if f] "(0)] M(0): This means that f preserves in nitesimals

De nition 10.1.2. (Equivalent Maps). Let f and g be local maps. If for each nonzero
x2 "(0)
F) 90, m
——=2 0);
kxk ©)

then we write f g and say that the two maps areEQUIVALENT.

Theorem 10.1.2. Two internal maps f and g are equivalent if and only if there is a local map
such that for each nonzerox2 "(0)

FO =909 +( ())kxk:

Notice that since "(0) and ™(0) are external sets and the domain D ; and range f [D; ]; of
an internal map; f; are internal sets then "(0) and ™(0) are; respectively, proper subsets ofD¢
and f [D¢ ]: Probably the simplest type of local map that one can associa with a linear space would
be one that preserves linearity.

De nition 10.1.3. (Locally Linear) Alocal map f is said to be LOCALLY LINEAR 0]
if foreachx; y2 "(0);thenf (x+ y) = f(x)+ f(¥) and (ii) for each r 2 O and eachx2 "(0)it
follows that f (rx) = rf (x):
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The interesting thing about locally linear maps is that even though they are restricted to
linearity on in nitesimals they are uniquely associated with an internal linear map de ned on the
entire space R":

Theorem 10.1.3. Suppose thatf is any locally linear map. Then there exists a unique interna
linear map Tr: R" ! R™ such that kTk 2 O and there exists an openE  R"; where© 2 E;
such that f (%) = T; (%) for eachx 2 E:

For the present we are not particularly concerned with the domain nor range @ a locally linear
map only that it satis es the in nitesimal requirements. Wh at the next few theorems indicate may
be slightly surprising.

Theorem 10.1.4. Let f; g be locally linear maps. Thenf gif and only if Tf (%) Tg(%)
for eachx 2 R" such that kxk = 1:

Previously; the di erential was de ned for f:[a;! R at a point ¢2 (a;b) where f © exists to
be f Yc) dx for eachdx 2 (0): This can be viewed as the restriction of the nonstandard extasion
of the standard function D:[a;b! R dened by D(x) = f%c)x:

De nition 10.1.4 (Di erential). A local linear map f is a DIFFERENTIAL if there
exists a (standard) bounded linear transformation F: R" ! R™ such that F (%) = f(x) for each
x2 "(0):

Theorem 10.1.5. If f isadi erential ; then there exists a unique bounded linear transformation
F:R"! R™ and an open setE  R" suchthat©2 E and F(x) = f(x) forall x 2 E and; in
particular; F (%) = f (%) for eachx 2 E:

What Theorem 10.1.5 does is to lift the internal di erential f up to the status of a standard
linear transformation on some standard nonempty setE: This may be a slight surprise since it is
only assumed that this is the case for the in nitesimals. Forapplications; the behavior of a local map
with respect to the in nitesimals is of paramount importanc e. Further; di erentials are essentially
unique with respect to equivalence.

Theorem 10.1.6. If f and g are di erentials and f  g; then there exists some operE 2 R"
such that 02 E and f (%) = g(x) for eachx 2 E:

Corollary 10.1.6.1. If f and g are dierentials; f 0; and F; G are; respectively, the
corresponding (standard) linear transformation represetations for f; g; then F = G:

We now establish the basic relation between di erentials anl the derivative.
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De nition 10.1.5. (Local Increment). Let nonempty openG  R"; and €2 G: For any
f:G! R™ the LOCAL INCREMENT isthe map f.denedon "(0) by letting

fe(d)= f(e+D) f(e€);

whereb2 "(0):

Theorem 10.1.7. LetnonemptyopenG R";and€2 G:Afunction f:G! R™ iscontinuous
at c2 G if and only if the local increment map  f. is a local map.

Theorems 10.1.5 and 10.1.6 show that there is a standard opeset E about O such that a di er-
ential is unique onE up to equivalence and is exactly equal to some linear transfonation restricted
to E: However, the behavior of a di erential was only characterized with respect to in nitesimals.
These results coupled with Theorem 10.1.7 suggest the follode nition.

De nition 10.1.6. (Di erentiable). Let nonempty open G R"; and €2 G: A function
f:G! R™ is DIFFERENTIABLE AT ¢ if there exists a di erential ; denoted by d.f; that is
equivalentto  fg:

Obviously; from the above results ifd.f exists then it is representable by a linear transformation

L on some standard open neighborhood d: To complete our basic results all that is needed is to

determine the appearance of animn n-matrix representation A for such a transformation. However

this is immediate from the fact that if f; of De nition 10.1.5; is di erentiable at c; then for each
nonzerob2 "(0)

fe(@) = A(D)+( (b))kk: 1)

Writing this in coordinate function and column vector form y ields
T
(fi(e+ D)  fi(e);:::; fm(e+t D) fn(e)’ =( A)b +( (b))Kik; (2)

where nonzerob2 "(0): Now considering any

{
b= (0;:::; ;:::;0); 2 Y0); (3)
then fi(e+b) fi(e)=a +( (B))jjimpliesthata; ( fi(etD) f;(€))=: Thus De nition9.1.1
and the fact that each & is standard yields a; = @f{(€)=@x: The elementary propositions about

di erentiable functions follow readily from De nition 10. 1.6 and equation (1).
With respect to applications equation (1) or

fe(@)  A(b) (4)
is the most useful. Further;, f(B) and A(D) are related by rst-order ideals in the sense that
k feM) AMk=k (b)kkik: (5)
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implies that
k fe(d) AMk2ok (b)k)= o), 2 (0); (6)

from Theorem 8.3.5.
As far as the notion of the n-dimensional derivative is concemed; simply consider equation (1)
written for each nonzerob2 "(0) as
I
fe(D b
6( ) - A -

X T (b): (7)

For the directional derivative ; assuming thatf is di erentiable at €2 G; start with a xed standard
unit vector 4; let 2 90) and write (1) as

fe()= A(O)+( (M))k Ok: (8)
This leads to
feCO)= ACO)+( ()] 9)
which may be written in the more familiar form
O A (o) (10)
st _fe(® = A(0): (12)

Note that if (8) holds for all 42 R" and 2 (0); then (1) holds.

There is one other useful concept relative to applications ad vectors. Two nonzerov; w2 R"
are said to bealmost parallel if 4= w=kvk w=kwk: In an appropriate in nitesimal microscope;
two almost parallel vectors appear to be parallel and for applications; yield the same e ects as do
parallel vectors. The hypotheses of the next theorem are oéin realized in applied problems.

Theorem 10.1.8. Let nonin nitesimal &2 O" and suppose thata D2 "(0): Then ais
almost parallel to b:

10.2. Some General Observations

In this basic manual; it is only possible to give a few cursory illustrations of howto apply the
derivative to physical problems since there are but a few gegral procedures that can be followed.
Moreover, most such applications require speci ¢ knowledge relativeo the re ned behavior patterns
one associates with the development of a natural system. Its more appropriate to concentrate upon
the modeling of such phenomena within the con nes of future nore speci ¢ manuals rather then in
this introductory one.

It is instructive to return to the thoughts of Newton. When Ne wton modeled his concept of
\instantaneous velocity" he allowed the scalar velocity v to behavior over \in nitely small" time
periods as if it was constant. Thus if x(t) represents the scalar distance and the derivative existsta
t; then for each 2 90) it would follow from Newton's viewpoint that x(t+ )= x(t)+ v : Or that
v=(x(t+ ) x(t))= - the Galilean average velocity. Therefore st (v) = st(x(t+ ) x(t))= =
xqt) = v: But; it also holds that if v (x(t+ ) x(t))=; then v(t) = xqt): The same analysis
applies to the partial derivative; the directional derivative and expression (2) of section 10l since
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A = A, the standard part operator distributes over matrix multipl ication; and each suchb=kik is
limited. Also; observe that if the velocity is considered to be a vector quatity ; v; that is nonzero
and continuous at t; then v(t + ) is almost parallel to ¥(t): Almost parallel vectors have the
same behavior in the NSP-world as parallel vectors have in th e N-world. For our basic
illustrations ; our functions are restricted to maps fromR" into R:

(i) One of the primary principles employed when determining simplistic behavior within the
monadic environment is to consider in the natural world ; how constant rates of change (i.e. linearly
varying quantities) or other constant quantities are related; and then to pass such relations over to
the in nitesimal world. When this is properly done one may discover that the end result is simply
the replacing of = with ; parallel vector properties replaced by almost paralle] etc.

(i) The general physical laws for such simplistic behavior_may bepassed over directly to the
NSP-world by *-transfer. In certain cases *-transfer will not be su cient since the basic NSP-world
law may need to be written in terms of external notation.

Step (ii) may seem slightly vague; but this is necessary since we cannot experiment within the
NSP-world monadic environment and determine what the actud relation might be. This knowledge
can only be indirectly obtained after the dierential equation is derived, solved and used as a
predictor of natural system behavior.

(iif) Due to the operational restrictions of in nitesimals and limited numbers to ring properties;
it is often necessary to represent a transferred natural lawin a manner di erent from the customary
form.

In the next section; an attempt is made to use these three general observations tderive the
partial di erential equation for a vibrating membrane ; with the obvious extension, and the equation
for 3-dimensional heat transfer. The reader can determine Wwether or not these derivations are more
rigorous and more convincing than those that appear in our pesent day texts.

10.3. Vibrating Membrane

Elementary nonrelativistic dynamical problems are closey associated with Newton's second law
of motion. Little concern is given to whether or not this law is expressed by such an equation as
F = m-aor by F=m = a: However, when this law is passed over to the monadic environment it may
be necessarydue to the ring nature of the in nitesimals and limited numbe rs; to be more selective
as to the speci c expression utilized. [This is discussed nre fully in Section 10.5.]

De nition 10.3.1. (Monadic Second Law of Motion) Let internal »:A! R™; where
A R"™: (w(x1;:::;%n;t) = ¥(1)); denote an internal function representing an internal velodty
vector. Consider another internal F:A!  R™; (F(xq;:::;Xn;t)= F(1));t°2 R; dt2 90); 06
m2 R;andt%+ dt2 A: Then

F(9 v(t%+ dt) w19

m dt (@)

The usual constraints placed upon a vibrating membrane suctas (i) it is perfectly elastic; (ii) it
is attached along its entire boundary to a plane (iii) has a \very small" de ection (compared to its
size) and only in a direction perpendicular to the plane and (iv) it is vibrating about an equilibrium
position; can be successfully idealized in the following manner.

At a moment of time; let A; B; C; D be four points in the interior of the membrane such that
the con guration A; B; C; D forms a rectangle. Select the Cartesian coordinate systemush that
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AD is parallel to the x-axis, AB is parallel to the y-axis and the rectangle lies in thexy-plane.
The line segmentsAB; BC; DC; AD are contained in secants to membrane surface curves. The
tensions that yield membrane motion are measured in terms oforces per unit length and separated
into four nonzero constant vectors F1; F»; F3; F4: These tensions are assumed to be exterior in
nature; F1 is applied to AD inthe z direction, F, is applied to BC in the z direction, F3 is applied
to AB in the z direction, and F, is applied to DC in the z direction. Since perfect nontearing

vibration occurs then two forces have been selected to couetact the e ect of the remaining two.

Deformable Body Rule
One of the basic concepts used to model in nitesimally the blavior of a deformable body is
that in the monadic environment its physical elements exhikit the same dynamic behavior as that
of a rigid body.

The scalar forceF that will accelerate the parallelogram in the K direction; when it is above
the equilibrium position; is

F = k F1kjAD| + kF2kjAD| k F3kjAB |+ kF4KjAB: @)

+ IMPORTANT +

) The following derivations of some signi cant partial di er ential equation models for natural
system behavior are stated in a protracted mode. Within the® derivations; | have presented certain
general modeling concepts gleaned from indirect evidence associated with simplisticNSP-world
behavior. The physical behavior of the NSP-world relative © each particular N-world event must
be individually investigated and is usually characterized as the intuitive *-transfer of the simplest
N-world behavior. In classical applications to continuum models this simplistic behavior is often
conceived of as intuitively discontinuous and piecemeal ircharacter. When this is the casethe entire
complex N-world e ect is but a Itered composition of an in n ite replication of what occurs within
a single monadic environment. It is intuitively disjoint in character since the composition can be
characterized as a \jumping" from one monad to another rathe than some type of continuous joining
of the e ects. On the other hand; as recently shown Herrmann [1989]]; if we assume that certain
N-world behavior is fractal or even nitely discontinuous in nature; then the NSP-world behavior
that would yield such e ects may be viewed as ultrasmooth andultracontinuous in character. A
representation for this ultrasmooth NSP-world behavior wauld necessary need to satisfy a di erential
equation expressed in terms of the hyperreals. Howeveby considering a nonstandard model of a
nonstandard model it might be possible to show that such NSPworld di erential equation models
are once again a composition of simplistic NSP-world behawr but on a much deeper level

Application 10.3.1. A di erential equation model for a vibrating membrane.

All functions are assumed to be de ned on an open neighborhady G; of (a; b; c; ) where; it
appears to be necessaryto assume thatG\ R?3 contains the closed membrane angat the least; the
functions are continuous where de ned. LetT = T(x;y;z) represent the internal restoring tension
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per unit length. Let z = z(x;y;t) represent the con guration of the membrane as a surface and
assume that@z=@% Q@kTk(@z=@)<@x; @Tk(@z=@)y@}exist and that z,; z, are continuous
at (a;b;t): Let = (x;y;) represent the mass per unit area. Finally let h = h(x;y; z;t) represent
the per unit area lumped load function that yields the K direction external forces that may be applied
to the membrane. For any such &;y; z;t) = ( a; b;c; b); a partial di erential equation model for the
vibrating membrane con guration z is

(ayy SF - QTUOZGx, ATMO=GY, 1y, ©

Derivation. We now in nitesimalize the behavior of an in nitesimal port ion of the membrane
assuming that it will have the same e ect in the N-world as an in nitesimal vibrating parallelogram.
The key to the basic modeling technique lies in modeling intitive statements (iii) and (iv). (A)
Expressions that involve the physical notion that somethin g is \small" compared with
something else tend to be the basis for di erential equation modeling. First; since (iv)
states that this \small" de ection (i.e. the value of z at (a;b; 1)) takes place at equilibrium then
this should entail that the tension that produces such a de ection is also \small" in the K direction.
Now select the plane of attachment for the membrane as they-plane and let the plane represent the
equilibrium position. By physical observation; as the de ection is made \smaller" and \smaller" then
the ABCD rectangle discussed above would have its normal more nearfyarallel to k: The concept
of \small" de ection is now related to the time and the tensio n. Again by physical observation it
can be assumed that to obtain a \small" de ection near the xy-plane all one needs to consider is
that the tension itself is \small" in the K direction and is applied for but a \small" period of time

t:

The above concept of \smallness" is now embedded into the madic world. The in nitesimal
parallelogram representation for the membrane surface is ssumed to move parallel to thez-axis.
Thus let A=(a;b;9; B =(a;b+ dy;0; C=(a+ dx;b+ dy;c); D = (a+ dx;b;d; where positive
dx; dy 2 (0): Considering only the K component of the tensionT; we write this component as
kTkcos; where is a function continuous on Gi: By continuity k T(x;y;z;)k cos (X;y;z;)

k T(a;b;c;)k cos (a;b;c;)for each (x;y;z;)2 "((a;b;Q); n=3:

For the K component what in nitesimal property will characterize the standard modeling notion
that the de ection must be \small" compared to the size of the membrane? (B) Certainly ; the
smallest possible N-world de ection would occur if there we re NO apparent standard
de ection at all. But ; to analyze the problem nontrivially it would need to be assum ed
that de ection did take place in the monadic world.

Monadic Restrictions of Physical Processes
The idea that a physical process may be restricted to a monadi environment in such a way
that it does not appear to occur in the standard world but doesoccur in the monadic environment
is yet another signi cant in nitesimal modeling technique .

In order to apply the monadic restriction technique to this problem and without actually eval-
uating the functions; simply let

st(k T(a;b;Qk cos (a;b;9)=0; T(a;b;Q 6 ©: (4)
(C) Notice the important modeling technique that from the st andard world point
of view the in nitesimal rectangle ABCD appears as if it is the single point (a;b;9: From
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N-world physical observation; and indeed the de nition of the equilibrium position ; a single point
will vibrate only if it is displaced either above or below the equilibrium position. By *-transferring
this observation to the in nitesimal rectangle ABCD; it follows that in order to have a \small"
de ection take place \near" the equilibrium position ABCD should be placed either above or below
the hyper-xy-plane and all members ofABCD should be in nitely close to the hyper-xy-plane. Let
c= z(a;b;t):

The hyperline segmentsAB and AD are geometric elements for membrane (surface) curves.
This fact and our de nition (9.5.1) for tangents to space curves leads to the conclusion that the
hyperslope of AD  z(a; b; t) and hyperslope of AB  z,(a; b;t): Since every point inABCD is
in nitely close to the hyper- xy-plane; then slope AB and AD are both in nitely close to 0. Observe
that since by continuity there exists some open ball about ; b; § such that T 6 0 for any member
of this ball then T(x;y;z;) 6 0 for any (x;y;z;) 2 "((a;b;9): Expression (4) now implies that

cos (a;b; 9 cos (a+ dx;b;9 cos (a;b+dy;o O (5)
Further; using the continuity of z.; z, we obtain
Zx(a;b;) z(a+ dx;bito)) z(abit) z(arb+ dyito) O (6)

The problem we now face is how to select the proper combinatio of entities from (5) and
(6). The following expressions (7) (8); (9) and (10) are obtained by means of the observation that
(D) mathematically ; the coordinate spaces are independent one from the other and ;
physically ; tensions parallel to the  z-axis along one boundary of the hyperrectangle
do not e ect substantially the adjacent boundaries. Since T is a limited vector for each
(x;¥;2;) 2 "((a; b; 9) then

k T(a;b;dk cos (a;b;9 k T(a;b;gkz(a;b;t); (7

k T(a;b;gk cos (a;b;9 k T(a;b;9qkzy(a;b;t); (8)
k T(a+ dx;b;9dk cos (a+ dx;b;0

k T(a+ dx;b;0k z«(a+ dx;b;tp); (9)
k T(a;b+ dy;0k cos (a;b+ dy;0)

k T(a; b+ dy;0k z,(a; b+ dy;to): (20)

Expression (2) must now be in nitesimalized. The major method used for such in nitesimalizing
is call (E) the (Di erential Equation) Method of Maximum and Minimu m. In this case ;
it leads to the conclusion that forces may be considered as at tached to the A; B; D
vertices of this physical (geometric) element. Before proceeding might there be a purely
physical NSP-world argument for selecting the values foil at the points A; B; D - an argument that
is substantially di erent from the usual one that such a selection is done since it \works"? Recently
Simhony [1987] has advanced a theory that claims that all of the material universe is composed of
combinations of the con guration he has termed as the electon-positron lattice. This is a simple
lattice structure with electrons and positrons located at the lattice nodes. For such a theory these
objects would be the building blocks of the material univerg and all forces could be considered as
attached to the lattice nodes. Our in nitesimal representation ABCD is uniquely determined by
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the vertices A; B; and D: Even though Simhony's investigations of the possible lattce nature of the
material universe have interesting conclusions that couldby *-transfer lead to an e ective lattice
structure within the NSP-world ; such a structure can also evolve from mathematical considations.

The function kT(x;y;z)kcos (x;y;z) is continuous on every standard rectangle determined
by vertices A = (a;b;9; B1 = (a;b+ by;c); C; = (a+ ai;b+ by;c); D1 = (a+ a;b;0; where
O<a; r1; 0<by r,forsomery;r, 2 R: Thus; since the line segmentAB ; is compact then
there exists points @; by ;c); (a;bv ;c) 2 AB1 such that

kT(a; bn;c)kcos (a;bn;c)

kT(a;y;okcos (a;y;c) k T(a;bu;c)kcos (a;by;c) (12)

for each @;y;c) 2 AB;: Hence
kT(a;bn;c)kcos (a;bm;c)jABj

kT (a;y; kcos (a;y;c)jABj
KT(a;bv ; c)kcos (a; by ;) jABj; (12)

for each (a;y; c) 2 AB1: Whether it be obtained by observation; consideration of the integral or by
axiomation; method (E) states; for this application; that there exists a net scalar tensionF ° such
that

KT (a; bm; c)kcos (a; b ;C)jAB 1]

FO k T(a;bv;c)kcos (a;hv;c)jABqj (13)

and F%may be considered the force that accelerates the rigid bodyB ;: Assuming continuity on
connectedAB ; then there exists some §;b; 9 such that

kT(a;b;9kcos (a;b;9jAB1j = F% (a;b;¢ 2 AB; (14)

and in like manner for the other three tensions. Following (2 we have that the total force of motion
may be considered the sum of these four scalark directed tensions. The results in this paragraph
are now *-transferred to the NSP-world; in which case (14) becomes

k T(a;b;9Qk cos (a;b;0dy= F°© (15)

whereb b b+ dy:

Continuity at ( a;b;9 implies that k T(a;b;9k cos (a;b;9 k T(x;y;c)k cos (x;y;c);
where (x;y;c) 2 f (a;b;Q;(a+ dx;b;0;a;b+ dy;0;(a+ dx;b+ dy;c)g = A: Now selection of the
appropriate members ofA comes from repeating the above argument and *-transfer of th behavior.
Applying (15) and (2) this implies that the e ective scalar t ension Fr; that moves the hyperrect-
angle ABCD has the property that

Fr k T(a+ dx;b;0k cos (a+ dx;b;cdy

k T(a;b;Qk cos (a;b;qgdy+
k T(a;b+ dy;0k cos (a;b+ dy;c)dx
k T(a;b;9k cos (a;b;qgdx: (16)
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Applying (7) ; (8); (9) and (10) yields
Fr k T(a+ dx;b;0k z«(a+ dx;b;t) dy

k T(a;b; 9k z«(a; b; to) dy+
k T(a; b+ dy;0k zy(a;b+ dy;tg)dx k T(a;b;9k z,(a;b; ) dx: a7

Applying (E) again and by *-transfer ; we note that there exists points @;b); (c;d;f; g) such that the
mass m; of the hyperrectangle is (@;b) dxdy and the entire lumped loadL can be represented by
h(c;d;f;g) dxdy; where @;b) (a;b) and (c;d;f;g) (a;b;c;t): By continuity ; (a;b) dxdy
(a;bdxdy; h(c;d;f;g)dxdy = hdxdy h(a;b;c;b)dxdy: Writing expression (1) in a scalar
form for motion parallel to the z-axis obtains F(tg)=m  ( v(to + dt) v(tp))=dt and the total
scalar force producing a change in the instantaneous velagiis Fr + h(c;d;f;g): Hence,

V(to + dt)  v(to)
dt

k T(a+ dx;b;9k zx(a+ dx;b;tp)dy k T(a;b;gkz(a;b;t) dy+

(a;b) dx dy
k T(a;b+ dy; 0k z,(a; b+ dy;to) dx
(a;b) dx dy
k T(a; b;9kzy(a;b;f)dx+ hdxdy _
(a; b) dx dy
k T(a+ dx;b;0k z(a+ dx;b;tg) k T(a;b;qkz(a; b;t0)+
(a;b) dx
k T(a; b+ dy;0k zy(a;b+ dy;tg) k T(a;b;gkzy(a; b;t0)+
(b dy
h Z (tO + dt) Zt (tO) . (18)
(a;b) dt '

The derivation is completed by applying the standard part operator to expression (18) and
employing the hypothesized requirement that the various patials exist.

The following are some useful observations relative to the laove derivation. If one assumes
that the tension T and the density are constant along with h  0; then the usual elementary
2-dimensional wave equation follows from (3). More to the pint; however, is the; not necessarily
obvious, fact that the derivation was not obtained by attempting to comprehend second order rates
of change. Berkeley was correct in his criticism that such tlings are di cult to mentally perceive.

(F) The general overall approach in the derivation the vibra ting membrane equation
was to consider rst-order rates of change of other rates of ¢ hange that had already been
investigated and found to be representable by in nitely clo se (locally linear) functions
expressed in partial derivative form. This general overall approach is almost always the best

and least confusing.
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10.4. Internal Heat Transfer

Consider a vertical (rectangular) slab of material that uniformly conducts heat where \heat
ow" is perpendicular to the left and right- hand surfaces and \ ows" to the right. We quote
from Sears and Zemansky [1952]: \The gure represents a slab of material of cross sectionA and
thicknessL: Let the whole of the left face of the slab be kept at a temperatuU,; and the whole
of the right face at a lower temperatureU;: The direction of heat current is then from left to right
through the slab.

After the faces of the slab have been kept at the temperaturgg and U, for a su cient length of
time; the temperature at points within the slab is found to decreasuniformly [linearly] with distance
from the hot to the cold face. At each point however the temperature remains constant with time.
The slab is said to be in a \linear steady state.”

It is found by experiment that the rate of ow of heat through te slab in the steady state
is proportional to the area A; proportional to the temperature di erence (U, U;); and inversely
proportional to the thicknessL:"

Let Q be the usual measure of the quantity of heat0< t 2 R the time; 6 0 <K 2 R the
constant of proportionality (the thermal conductivity) and 0 < A 2 R the area. Then for this very
special and simplistic casgit follows that

KA( ) (U Uy :

Q= 3

1)

Notice that since this is a rectangular solid and the distane L is measured perpendicular to the
faces then the convention of heat ow is taken normal to the faces.

Before the modern theory of heat conduction heat was thought of as a invisible weightless uid
called caloric which was produced when a substance burned and which could beansmitted by
conduction from one body to another. The analogy of \ owing heat" has persisted and due to the
above steady state law this direction is taken normal to thissection. For the moment assume that
the temperature U(a;y; z;tp) is only dependent upon time and thickness a; of the slab. Now alter
the position of the coordinate system relative to the rectargular slab and leta+ L; L > 0O; represent
the thickness of the of the slab and t=1t tp: Our rst natural law is now expressed as

KA( t)(U(ajy;z;to) U(a+ Lyy;z;to)) .

Q= 3

(2)

Let the speci c heat; ; and the density; ; for a given \small" rectangular solid; R; of volume;
V; be constants. At time ty let the temperature of the entire solid be a constantU(tp): After a
time change t and if there is but a \small" positive temperature change U(x;y;z;to+ t) which
appears also to be constant throughoutR; then a second physical law appears to emerge. This law
states that the amount of heat, H; necessary to achieve such a temperature change is

H= V (UXxy;z;to+ t) UXY;Zto); 3)

where for this simplistic case U is not dependent upon position.

We need two more requirements prior to our derivation of the reat equation. First; recall
that Count Rumford suggested that heat was really energy in aother form and Sir James Joule
experimentally veri ed this natural law. In what follows ; we use the concepts of the conservation
and additivity of heat energy. The second requirement is Therem 10.4.1. For nonempty open
G R";letf:G! R:Denoteanyv 2 Ghy v=(xg;:::;Xp): Lety = x;; 1 i n: Recall
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the line segment with end point p; €;then w2 Cy:

Theorem 10.4.1. Let f:G ! R; where nonempty openG R" and standard v 2 G:
Suppose thaty = x;; 1 i n; fy is dened on G and continuous at v: Let Cy G; where
internal Cy is *-convex in the direction y: If for h 2 (0); such that p= (p;::5;pii i Pn); 8=

fe) f(p)=fy(v)h+h:

Application 10.4.1 A di erential equation model for 3-dimensional heat transfer.

All functions are assumed to be de ned on a open neighborhogdG; of (a;b;c; ) where; it
appears necessaryto assume thatG\ R?3 contains the closed solid and at the least; the functions
are continuous where de ned. LetU(X;y; z;t) represent the temperature never zero (x;y;z;) the
density of the material; never zero (x;y;z;) the speci c heat and a constant thermal conductivity
K: Itis assumed that ; do not vary with temperature. This constraint implies that o ur di erential
equation model is only valid for small temperature changes.Even though no sources or sink are
assumed for this application, they can be easily adjoined tdghe derivation in a manner analogous to
the lumped load of application 10.3.1. LetUy; Uy; U,; be continuous onG and U; be de ned onG and
continuous at (a; b; ¢; b): Let Uy ; Uyy; Uyz; exist at (a; b; ¢; b): For any such (x;y; z;t) = (a; b; c; b)
a di erential equation model for internal heat transfer is

@u_, @u, @u, @u
@t @* @y o2

(a;b;9 (a;b; 9

Derivation. Equation (2) assumes that we are dealing with a uniform tempeature change in
that we have a steady state condition. Still retaining the idea that the temperature is constant on
a sectionn (2) must be generalized to the case where the temperature isat uniformly decreasing
with the thickness of the slab. We make a strong appeal to the ow analogy and thus; consider the
temperature evaluation to take place along a ow line parallel to ©* With this in mind ; *-transfer
yields

K A( t)(U(a;b;c; U(a+ ;b;c;t
Q= ( DY( ) ( o)) . (@)
where O<L = 2 (0): Can we consider the thermal conductivity as a nonconstant function? It
appears that if K were not constant then the di erential equation for heat transfer would not be
derivable. Fortunately; in most physical casesthe constancy of K can be veried. Assume that
@U=@exits at (a; b;c;b): Then (4) leads to the nonsteady state expression

Q= st( Q)= st K AC )(U(asbici)  U(a+ ;bicito)) _

@Ua; b; c; b)
@x
Equation (5) is conceived of as representing the quantity oheat after the time period t that

\ ows" through a rectangular shaped section cut from a conducting solid; but; we are still assuming

KA( t) )
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that the temperature is constant on each section. [Remark:It is claimed by some authors that
equation (5) expressed in words with this ow convention haseen experimentally obtained. They
then use (5) along with integral concepts and the Divergence Theorem tmfmulate the heat equation.
| shall only take (2) as fundamental]

Once again applying the directed ow analogy, the external view of the net amount of heat that
would accumulate in the interior of the slab from this f direction ow would be

_ @Wa; b;c;b)
Ho= KA( t) — ax
@UWa+ L;b;c;to)
KA( 1) o 6)
Now letting V be the volume of the slab notice that
He=(V( 1)) = K(Ux(a+ L;b;citg)  Uc(a;b;c;b))=L: )

Unfortunately ; (7) still refers to a temperature that is constant on the parallel faces of the slab. To

generalize to the nonconstant caserst in nitesimalize the slab itself. By *-transfer ; (7) holds for

an in nitesimal rectangular solid R having determining verticesA = (a;b;9; B = (a+ dx;b;g; C =

(a;b+ dy;0); D =(a;b;ct+ dz); 0<dx; dy; dz 2 (0) and for an in nitesimal time period 0 <dt 2
(0): Hence (7) becomes

Hqa=(dxdydz)(dt)) = K( Ux(a+ dx;b;c;to) Ux(a;b;c;b))=dx: (8)

Next we correct for the specialized constant temperature cse by assuming that heat ow takes
place only along parallel ow lines. Concentrating upon (7); where the temperature is not assumed
to be constant over the sections we apply the maximum and minimum method (E) from the last
section and *-transfer the result to the faces ofR: Thus; there exists some f;;¢c;) 2 ((b; 9) such
that the total heat per unit volume-time accumulated by the 1 direction ow is

Hq=(dxdy dz)(dt)) = K( Ux(a+ dx;by;cr;to) Ux(a; by; c1;to))=dx: (9)
Applying Theorem 10.4.1 yields
Hy=(dxdy dz)(dt)) = KUx (a;b;cio) + 15 (12 (0)); (10)

and repeating the argument for the{* and K directions (and applying the *-transfer of the additivity
of energy etc.) yields that the total heat accumulated per vdume- time for R; as viewed externally,
is

H=(dxdydz)(dt) K (Ux (a;b;c;t)+ Uy (a;b;c;t) + Uz (a; b;c;b)): (12)

Now consider the simplistic natural law represented by equ#on (3). For a more general casewhere
the temperature; density; and even the speci ¢ heat vary by position (but not temperature) and are
continuous on an open neighborhoodG; one can and apply the maximum and minimum method
(E). Viewing ; ; U as a functions of position only, where to and t are assumed xed. Then
(dependent uponty and t) there exists somep 2 the solid such that

H=V (p) (A(U(pitb+ t) U(pih)): (12)
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Equation (12) can be written for nonzero t in the form
H=(V (p) (B) )=(U(pitb+ t) U(pik))= t (13)
By *-transfer; there exists someg2 R such that
H=(dxdydz (q) (&)dt)=( U(e;b+dt)  U(g;b))=dt (14)
Applying Theorem 10.4.1 and the fact that (g) and (q) are limited; we obtain
H=(dx dy dz)(dt) (8) (&) Ui(a;b;c;b): (15)
The nal step is clear. From expressions (11) and (15) we have
(1) (&) Ui(aibici) K (U (asb;cii)+

Uyy (a;b; C; ) + Uzz(a; b; ;1)) (16)

and application of the standard part operator coupled with the continuity of and at (a;b;q
implies the result that

@u = @u @u @u
@ " @t ey’ @z

(a;b;9 (a;b; 9 (7)

10.5. Concluding Remarks

For some derivations an alternative to the Monadic Second Law of Motion may be necssary due
to the ring nature of the in nitesimals and the limited numbe rs. Let us compare the Newtonian view
discussed in section 10.;1De nition 10.3.1 and the fundamental expression (1) of sedbn 10.4. If one
lets the scalar velocity v(t) linearly chang with respect to a \small" time change t (i.e. uniformly
changing in the old terminology); then observation does indeed con rm that the \constant" scalar
force that produces such a change i&( t) = m((v(to + t) v(t))= t): If this last statement is
assumed to hold for all nonnegative time changes less than @qual to t then; as was done in order
to obtain equation (4) of section 10.4; *-transfer yields

F()= m{(vito+ ) v(®)=):( 2 (0): 1)

From (1) and application of the standard part operator Newton's Second Law of Motion follows. If
one removes the standard part operatoy then all that can be stated is that

FO) m(vito+ ) v(t)=):( 2 (0): (@)

Equation (1) is the alternate NSP-world form of Newton's Seond Law of Motion. It may be
necessary to utilize this alternate form for those cases wer division by in nitesimals and other
similar algebraic processes are used - processes that do moeserve : Further; the use of (E) and
Theorem 10.4.1 are useful in order to retain expressions thado not include the external notion of
: For the derivation of the heat equation it was necessary to r&in equational expressions until
steps (15) and (16).
Is it necessary to make the derivation of integral or di erential equation models more rigorous or
have | wasted you time? Some mathematicians claim that such @ exercise is without merit since all
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one needs is a good guess; and if the magically obtained eqimt is solvable and reasonably predicts
natural system behavior, then this is all that is required. Not with standing such pronouncements
other very productive mathematicians believe that there are a few obvious advantages to a more
rigorous approach.

There is an advantage in education. In the physical sciencedeginning students observe sim-
plistic behavior and follow the well-established path of atempting to comprehend complex behavior
as a composition of the simplistic. Extending these intuitively grasped concepts to the NSP-world
leads more directly to integral or di erential equation mod els and gives them a stronger incentive
to seek solution methods and investigate the mathematical tsuctures. Motivation still remains one
of our major educational devices.

Scienti ¢ theories are not immutable. New experimental sca@arios; new measuring devices and
indeed new insights into the foundations of natural system behavia have; historically; led to new
theories that appear to predict more accurately system deviepment. Many new insights and theories
abound; today; within certain scienti ¢ journals that specialize in such speculation.

In the early part of this century; two of the great achievements of the human mind were the
Special and General Theories of Relativity. Yet it has been shown Herrmann [1995]] that the
mayjor experimentally veri ed conclusions of the Special Theory are obtainable by simple in nitesimal
modeling; without the use of such concepts as frames of reference anddhike. | believe that this fact
will tend to eliminate some of the controversy that still surrounds the Special Theory and eventually
lead to a better understanding of the basic nature of electrmagnetic radiation. | have previously
mentioned how the recent concept of fractal behavior has bee successfully modeled within the
NSP-world environment.

Indirectly ; we are learning the simplistic NSP-world behavior that may be assumed to be the
cause for certain natural world e ects that are measured by sandard instruments. As is well-
known; predicting accurately the behavior of many macroscopic natiral systems even with our
present day theories is often notably unsuccessful. It may be that the causes foriech behavior are
objectively real in character within a actual substratum world. And; hence the more pro cient we
become in analyzing and applying in nitesimal techniques the more likely we are to development
new mathematical models that improve upon such predictions

NOTES
[1] In section 10.1 the concept of two vectors being almost pallel was introduced. The following
theorem is sometimes useful.

Theorem N.1. Two unit vectors; ¥; 42 R" have the property that v # if and only if
¥ d 1

[2] Relative to the statement on page 67 as to the relation betieen the work done along a hyperline
segment and the curve if we add to the hypotheses of Applicatin 8.2.1 the requirement that for each
t 2 [a;b; c(t) 6 © and that F is uniformly continuous on E; then using the notation in that section
it follows that there exists sgme 2 (0) such thatPF(‘j (tJQ)) ¥ = F( c(tJQ)) v+ jkwvk:
From this we also have that ;_; F (i (tJQ)) A iz F( c(tJQ)) %, : The proof is at the end
of Appendix 10.
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Appendix For Chapter 2.

Throughout these proofs lower case Greek letters will alway s denote in nitesimals.
[Remark: The complete proofs for many of these fundamental ppositions appear for the rst time
in these appendixes.]

Theorem 2.1.1. Assumption (II) holds for R if and only if R is not Archimedean.

Proof. Assume that (II) holds. Since Risa eldthen 2 R:Let06 n2 N. Then
06 < 1=n:Thusn< !impliesthat R is not Archimedean.

Conversely, assume that R is not Archimedean. Then there exists some 2 R such that for
eachn2 N; j j n:Sincej j2 R;thenitfollowsthatforeachn2 N;jj n+1>n)j 1<
1=n; 8n 2 N; n 6 0 and the result follows.

Theorem 2.2.1. The set of limited numbers, O; is a subring of R; R O and O is not a
eld.

Proof. Let x;y 2 O. Then there exists somer;r, 2 R such that jxj <r1; jyj < ra: Thus
Xy o Xjtjyij<ri+r2R) x y20; jxyj=jxjjyj<rir2 R) xy20. If06 ; then
jj<r 1, 8r2R*) 120: The result follows.

Theorem 2.2.2. The in nitesimals; (0); form a subring of O and is in nite if and only if
there is some nonzero 2 (0) such that =1 =:

Proof. Let x;y 2 (0): Then 8r 2 R*; jxj<r=2; jyj<r=2; )j x yj<r: Now we also know
that jxj < " T; jyj < ~ r: Hence jxyj = jxjjyj < r: Sincer is positive and arbitrary then the rst
result follows. The second follows as in the proof of Theoren2.2.1.

Theorem 2.2.3. The set of in nitesimals; (0); is an ideal of O:

Proof. Let b2 O. Then 9t 2 R* such that jbj <t: Also 8r 2 R*; 8x2 (0); jxj <r=t: Hence
jxbj <r and the result follows.

Theorem 2.2.4. The binary relation is an equivalent relation on R:

Proof. (i) Since 020 thenx x=02 (0)) x x:

(i) Let x y:Thenx y2 (0)) (x y=y x2 (0) vy x

(iiLet x ty z:Thenx y=;y z=:Then + 2 (0)) x z2 (0)) x z

Theorem 2.2.5. For eachx;y 2 R;
@ ()\g (v)=; ifand only if x & y;
(i) 0= f (nNjr 2 Rg:
Proof. (i) follows since each monad is an equivalence classrfthe equivalence relation
(i) As previously noted R O : Note that (r)\ (r+1)= ;:Lety2 (r); z2 (r+1):
Theny=r+ ;z=r+1+ : Assumethatz y: Thenr+1+ r+ ) 1 2 (0):
a contradiction. Thusy <z: Butr+1 2 (r+1)) y<r +1:Inlike manner;r 1<y: Thus
y20) (r) O) f (r)jr 2 Rg O : Now let arbitrary x 20O0:anddene S=fyjy2 R"y<
Xg: The set S is bounded above and nonempty sincé®r 2 R* such that jxj<r; and r 2 S: By
completeness sufs 2 R: For eachp2 R*; 9y 2 S such that supS p<y<x: Alsox supS+ p;
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for otherwise we have that supS+ p 2 S; which contradicts the sup de nition. Thus jx supSj p:
Hencex supS 0) x2 (supS))O f (r)jr 2 Rg and the result follows.

Corollary 2.2.4.1. 1f x;y2 R; x<y; z 2 (x); w2 (y);thenz<w:

Proof. Sincex <y then 9r 2 R* such thaty = x + r: Now consider the obvious portion of the
above argument applied to the monads (x); (x + r):

Corollary 2.2.4.2. 1f x;y2 (r); z2 R; x<z<y; thenz2 (r):
Proof. Sincejy zj<jy xj<r, 8r2R* theny z2 (0): Thusr vy, y z;) r z)
z2 (r):

Theorem 2.2.6. Each monad and the set of limited numbers are bounded abovgesp. below;
but do not possess a least upper boundresp. greatest lower bound.

Proof. This is established for the \bounded above" case onlyLet (r) be any arbitrary monad.
From Corollary 2.2.4.1; the set (r) is bounded above by the real numberr + 1: Assume that
sup (r) = s2 R: First; assume thats 2 R: In this case it is necessary thats 6 r for we know
9w > O and ifs=r; then s+ w2 (r); s<s + w; contradicts the bounding character ofs: Thus
r<s )8 x2 (r); 82 (s); x<y:But w+s2 (s))8 x2 (r);x< w+s<s: Thuss
would not be the sup (r): We must; therefore pass to the second possible case th&2 R R:
Obviously; r<s<r +1 andthus s2 O: Consequently, 9r; 2 R such that s2 (ri): Letry 6 r:
Thenr <r;and 8x 2 (r); 8y 2 (r1); x <y: But again using w + s we would have that
s6sup (r): The nal case; requiress 2 (r): But if this were so; thens<s+ w2 (r) yields that
s would not be an upper bound. Thus no suchs exists and the proof is complete for monads.

Let s=sup O: Then s 20 since if not, then s+1 2 O. On the other hand; if s is in nite ; then
s>0) s 1lisinniteandthat s 1> 0: Thus no suchs exists in R and the proof in complete.

Theorem 2.3.1. Foranyn2 N; n 1; the set of limited vectors in R" is equal to

nfa}nitors {
o"=0 O
Proof. See Theorem 2.3.3
Theorem 2.3.2. Forany n 2 N; n 1; then monad of the vectorv = (x1;:::;Xn) 2 R" is
equal to
n factors
z {
(V)= (x1) (Xn):

Proof. See Theorem 2.3.3

Theorem 2.3.3. Foranyn2 N; n 1; and for eachv; w2 R";
N W\ S(w): ; fand only if v6 w;
(i) O"= f (Wj¥v2 R"g:

Proof. Theorems 2.3.1 and 2.3.2 follow from the *-transformof gle basic Euclidean norm fact
that if v = (xq;:::;%n) 2 R"; then 8i; 1 i n; jxijj k vk i”:l jXij and the de nitions.
Theorem 2.3.3 can be established directly or it follows eali from the basic set-theoretic properties
for the cross product.
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Theorem 2.4.1. Let x;y 2 0O. Then
(i) x yifandonly if st(x)= st(y);
(i) x st(x);
(i) if x 2 R; then st (x) = x;
(iv) if x y;thenst(x) st(y);
(v) if st(x) st(y);then eitherx yorx y2 (0)with unknown order.
Proof. Observe that for the limited hyperreal number x; that x = st (x) + :
() x;y20) x=st(x)+ ;x y) x=y+ ) y+ =st(x)+ ) y=st(x)+( ))
y2 (st(x))) st(x)= st(y):
If st(x)=st(y);thenx=st(xX)+ ;y=st(y)+ ) X =y ) X oy
(i) x=st(x)+ , x st(x):
(iFor r2 R; r2 (r)) r=st(r):
(iv) Let x y: Then x;y 2 (0) ) st(x) = st(y):Ifx2 (r); y2 (r1); r 6 rp; then
r>r 1) x>Yy: Thus contradiction yields that st(x) = r< st(y) = ri:
(v) Assume that st (x) = st(y): Thenx y 2 (0): If st(x) < st(y); thenx 2 (st(x)); Vy2
(st(y))) x<y:

Theorem 2.4.2. Let x;y 2 0. Then
(i) st(x y)=st(x) st(y);
(ii) st (xy) = (st (x))(st(y)):
Proof. Notice that in general; if r 2 R; then st(r + )= r: Let r = st(x); s= st(y):
(i) st(x y)=st((r+ ) (s+ )=st((r s)+( N=r1 s
(i) st(xy)=st(rs+(r +s + ))=rs:
Corollary 2.4.2.1 Let x;y 2 0O. Then
(i) if st(y) 6 0; then st (x=y) = st (x)=st(y):
(i) if y = "X; then st(y) = (st (x)) @=n): where it is always the case that ifx 2 O; then
Px20.
Proof. If st(y) 6 0;theny 2 (0)) y 12 0) (x=y) 2 O: Then st(x) = st ((x=y)y) =
(st (x=y))(st (¥)):
gi) Obviously ; x  0: Also; if x 0; x20;thenx<r 2 R") Pi< EJF) EJXZO: Then
y= "X) y"=x) (st(y)" = st(x) and from this the proof is completed.
Theorem 2.4.3. For v 2 O"; let st (v) = (st(xy);:::;st(Xn)): The set O" forms a vector
space with respect to the ringO (i.e. a module) and as such the mayst distributes over the vector
space algebra as well as the component de ned dot and far = 3 the cross product operators.
Proof. This follows immediately from the above standard pat operator properties.

Theorem 2.4.3. The set (0) is a maximal ideal in O and the quotient ring O= (0) is
isomorphic to R:

Proof. Let = be an ideal such that (0) = O and assume that (0) 6 =: Let x 2 = 0):
We know that x ' 2 O: Since= is a ideal in O then x(x ') =1 2 =: Thus implies that = =
The standard part operator is obviously the isomorphism andthis completes the proof.
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Appendix For Chapter 3.

Throughout these proofs lower case Greek letters will alway s denote in nitesimals
while upper case will denote in nite numbers.

Even though it is possible to restrict our model to objects sith as < it is useful for future
considerations to actually construct a general superstrutre as originglly envisioned by Robinson
and Zakon [1969]. Let Xo = R and de ne by induction X+ = P( fX;j0 j Sng: Recalling
that it is assumed that R is a set of atoms (i.e. they are not sets). ThenH = fXjjn 2 Ng
is the universe or carrier for a structure M = (H; ; =) : In this particular case; this universe it
termed a superstructure on  R: In the literature there are slightly di erent construction s of such
superstructures [Davis 1977]. An object b2 Xg is an individual and otherwise if b2 X, then b
is an entity. Thus b is an individual or entity if and only if b2 H: It will be shown that 9p 2 N
such that < 2 X,: A superstructure has may di erent properties. The following is a brief list of
some of the more important of these where the proofs are straightforward and left to the reader.
[Note: Later | may change notation and use the usual mathematal practice of considering symbols
such asx;y; z in two contexts. One, the a mathematical variable, and the oher a formal rst-order
language variable.]

Proposition 1. Let H be a superstructure onR:
(i) Xp Xpformp2N;1 p nmXo\ Xy=;;n L
(i) Xo[ Xn=Xo[ [ Xn; Xn+s1 = P(Xo[ Xn); n O
(i) Xp2Xn+1;8n2N; n 1,0 p n:
(iv)Iffor n 1, a2 b2 Xn;thena2 Xo[ Xp 1:
(W) If (ag;::;an) 2b2 Xy (p 1) then ag;::i;an 2 Xo[ Xp 1t
(viy If b2 Xy anda b;thena?2 Xy:

By use of concepts in abstract model theory the nonstandard model M =( H; ;=); H =
f Xnjn 2 Ng is constructed through application of the notion of internal individuals or entities
and; in particular ; (iv) of Proposition 1. [For a very clear and concise discussin of this please see
page 120 ofRobinson and Zakon [1969]. ] With respect to our notation ; this construction also
leads to the following signi cant proposition that gives a general relation between internal objects
and elements they contain.
Proposition 2. Within our set theory
M If a2 Q2 Xpiithena2 Xo[ Xi: (Every member of an internal entity is internal.
Also note that this is the set-theoretic \or" statement whic h is a set even if it contains atoms.)
(i) The set H is closed under nitely many applications of the basic set opration [ :
(iif) Any nite collection of members from H is a member of H
(iv) The set H is closed under n-tuple formation.
WM If (ag;:i;ap) 2 Q2 Xpsrsthena 2 Xo[ Xnp 1 00 po
(vi) The set H is closed under the basic set-theoretic operator$ ;
for internal sets.
Proof. (i) Sometimes this result is established during the onstruction. However, it follows
easily by *-transfer of Proposition 1 (iv).
(i) Note that forany n 0Othe setX,[ Xo2 X+ . Hence, by Theorem 3.1.3 (i), (Xn [ Xo)
is internal. Now we can use the independently established p& (vi) d of Theorem 3.1.3 and obtain

; ; among others,
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that Xo[ Xn= (Xn[ Xo). Let A and B represent internal entities. For anyn  0; the sentence
8X8Y((X 2 Xns1 )M (Y2 Xn+1) !9 2((22 Xp+1 ) "8wW(W 2 (X [ Xo)!

w2z$ (w2x)_(w2vy))

holds in M ; hence, in M : Now since A and B are internal, there is an n such thatA; B 2
Xns1 [ Xo = (Xn+1 [ Xo): Thus, there is aC 2 X+ that contains the same elements of
Xn[ Xo asthosein\A[ B." But by (i), all the elements in A; B; C are members of X, [ Xo:
Thus C = A[ B 2 H: This proof is completed by induction.

(iif) Theorem 3.1.3 (vi)b, shows that this holds for an empty set. The notion of what constitutes
the \number" of members of a nonempty nite set is an intuitiv e metamathematical notion the
corresponds this idea to the \number" of _ symbols. [Note: This is not the only way this can be
established. Indeed, we could use nite set generating opators.] For eachn 0; the sentence

8x(X 2 (Xn [ X0) 19 y((y 2 Xns "

82((z2 (Xn [ Xo)"22Yy)$ z= X))

holds in M ; hence, it holds in M : Now given any internala2 H;thena2 Xg[ X, for some
n 0O: Thus, for any a 2 H the set that contains a and only a exists and is an internal. Now
to establish this for the notion of a two element with two distinct members, we extend the above
sentence. Thus for anyn 0 the sentence

8x8y(x 2 (Xn [ Xo)*y2 (Xn[ Xo)*x6Yy!9 y((y2 Xnu"

8z((z2 (Xn [ X0)"22Y)$ (z=X)_(z=Y))

holds in H; hence, it holds in H. But, we know that for any two internal a; bthere exists somen
suchthata2 X, [ Xog: Then every set that contains two and only two distinct intern al entities
is internal by *-transfer. To apply this to any set of nitely many internal entities, we use induction
or application of (ii).

(iv) Within our set-theoretic de nitions for X or X order pair formation is given for speci c
a; b:We use the abbreviation (@; b) to denote the nite set ff ag;fa;bgg: This is then extended by

set, of nite sets, of nites sets,::: constructed in the nite manner from the nite set faj;ay;:::anQ:
For example, consider internala; b; 6 b. Then they are both members of some X, [ Xg: Then
fag and fa; by are internal and both members of some X,: Then the set ff ag;fa;bgg 2 X1 :
Apply this idea to an n-tuple and you have that the n-tuple is internal.

(v) This follows from the de nition of the n-tuple, repeated applications of (i) and Proposition
1 ().

(vi) These are established in the same manner as (ii). Th& is established as an example after
Theorem 3.4.1.

Theorem 3.1.1. It is permissible to assume that
() if A R;then A R;
(i)if A R";thenA R";
iiyif A (R") (RM);thenA (R") (R™):
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Proof.

(i) This follows from the construction of the nonstandard model M = ( H; ; =) by means
of the superstructure technique where each member of the cder R is treated as a constant se-
guence [Robinson and Zakon [1969], Stroyan and Luxemburg [1976] ; Davis [1977] ; etc.]
Basically this follows from the fact that each member ofR is an atom or urelement within our basic
set theory.

(i) Let (az;:::;an) 2 A R"™: By construction, R" 2 H: From our basic de nition of an n-
tuple as a nite set of nite sets etc.; then this result is immediately established from independatly
proved Theorem 3.1.3 parts (i) and (iii) by nitely distribu ting the * throughout these nite sets
and using (i) of this theorem. If A = ;; then result follows from Theorem 3.1.3 part (vi).

(i) This is proved in the same manner as part (ii).

Theorem 3.1.2. If A R [resp. R"; (R") (R™M)]; then there exists A R [resp.
R"; ( R") ( R™)] such that
i)A Aand
(i) A= Aifandonlyif A is nite.

Proof. From the independently established Theorem 3.4.1 ifollows by *-transfer that A R:

(i) This follows from Theorem 3.1.3 part (i) and; as discussed in Theorem 3.1;1from the
construction of M :

(i) The model M is assumed at least; to be an enlargement. Thus consider the binary relation
R="f(xy)j(x2A)" (y2 A)™ (x 6 y)g: Now let f(X1;y1);:::;(Xn;¥Yn)g R and suppose thatA
is in nite. Then there exists some b2 A such that x; 6 b; 1 i n: From the concurrency of R;
this implies that there exists some internalc2 A suchthat8a2 A = A; a6 c:[The operatoris
that de ned in Stroyan and Luxemburg, [1976] . In general, it is the set of all constant sequence
U-equivalence classes contained in A:] The result now follows from Theorem 3.1.3.

Conversely, if A =; or A is nite ; then result follows from Theorem 3.1.3.

[Note: SinceXn+1 = P(Xo[ Xp); then (Xo[ Xp) 2 Xp41 implies (Xo[ Xn) 2H:

Theorem 3.1.3. Unless otherwise stated all constants represent individuks or entities (i.e.
members ofC(H) where we do not notationally di erentiate between the name d an object and the
object itself.)

() a2 Aifandonlyif a2 A; Aé B ifandonlyif A6 B:
(i) A B ifandonlyif A B:

(vi) Let A;B be sets [resp subsets df)]. Then (d) (A[ B)= A[ B; (¢) (A\ B)=
Al B;(@ (A B)= A B;(e) (A B)= A Bi(b) ;=3
(vii)If A2 R;then A= A:
Proof. (i) The sentences
a2 A; :(A=B)

hold in M if and only if the *-transfers
a2 A (A= B)
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holdin M :
(vi) [Clearly ; by construction U 2 H: Consequently, A; B are entities by Proposition 1.] (a) We
know that there exists aC 2 C(H) such that C = A B: The sentence

8x(x2C$ (x2A)" (: (x2B))

holds in M if and only if
8x(x2 C$ (x2 A)M(:(x2 B))

holdsin M : Thentheset C= A B: Now (b) is obtained by letting ; = R R: Then from (a);

;= R R=;:(c) We also know that there isaC 2H suchthat C=(A\ B)= A (A B):
Once again by (a); (c) follows since (A\ B)= A (A B)= A\ B: Then for (d) there is a
A[ B = C 2H. Now simply consider the sentence8x((x 2 C) $ (x 2 A) _ (x 2 B)): This result
follows by *-transfer. (Another proof for (c) also follows from *-transfer.) (ii) This follows from
parts (a) and (b) of (vi) since A B i A B = ;:(vi) (e) The Cartesian product statement is a
little more di cult to establish. In this elementary approa ch; it is useful to characterize the notion
of the singleton and doubleton sets. The setS(A) of all singleton subsets ofA and the set D(A)
of all doubleton subsets ofA are members ofXn.> (i.e. D(A)  Xy+1): The following sentences
characterize the singleton and doubleton subsets oA X, [ Xo:

1= 8X(X2D(A)!9 yOw(w2 ANy 2 ANy 2 x”

W2 x"82z(z2 Xp[ Xonz2x! z=y_ z=w))):

[Note: PAQ! S P! (Q! S)]
2= 8X(Xx2S(A)!I9 y(y2Ary2 xn

8z(z2 Xn[ XoNz2x! z=y)):

The *-transfer of these sentences becomes
1=8x(x2 D(A)!'9 yow(w2 A~ry2 Ary2xh

w2x78z(z2 Xn[ Xonz2x! z=y_ z=w))):
2= 8x(x2 S(A)!9 y(y2 Ary2x”
82(z2 Xn[ Xo™z2x! z=y)):

[Note: D(A) = (D(A)); S(A) = (S(A)):] In what follows, the constants used to name various
internal objects are in our extended internal language. Whathese *-transforms indicate is that the

set S(A) S(A); D(A) D( A):Indeed the same would hold true for any nitely nhumbered

subset of A. Observe rst that D(A); S(A) Xn+1 and A Xn [ Xop: For the doubleton

case let Q2 D(A): Thus each suchQ is internal since it is a member of X4 : There then exists
internal c;d2 A andforanyf 2 X,[ Xpandf 2 Q it follows that f = cor f = d: Now

since A Xn [ Xp then this last statement also includes anyf 2 A: Proposition 2 (i) states

that every z 2 Q is internal and a member of X, [ Xp: Thusonly c;d2 Q) Q2 D( A): Hence
D(A) D(A):

109



In nitesimal Modeling, Part Il

Now consider the sentences
3= 8x8y(x2 AMNy2A!9 z2(z2D(A)Ax2z~ry2 20

8w(w2 X,[ Xorw2z! w=x_w=Y))
4= 8X(X2A!19 z(z2 S(A)*x 2 z°
8w(w2 X, [ Xorw2z! w=Xx))):

Once again consider the *-transfer
3=8x8y(x2 A*y2 A!9 z2(z2 DA)"x2z y2z"

8w(w2 X,[ Xorw2z! w=x_w=Y))
4=8x(x2 A!'9 z(z2 S(A)rx2z°
8w(w2 Xp[ Xo”rw2z! w=Xx))):
Now let W; U be objects within our set theory. Let W 2 D( A): Then 9a;b2 A such that for
any U 2 W; in particular U 2 X, [ Xp; U= aorU = b: The *transfer states that there exists
someQ 2 (D(A)) such that a;b2 Q: Thus W  Q: Postulate 2 states that if any z 2 Q; then
z2 Xp[ Xp and *transfer yields that z=aorz=b) W=Q) D(A) D(A)) D(A)=
D( A): In like manner; S(A) = S( A): (This is not the only way to establish these equalities. |

have chosen to use the operator§ and D since these and similar operators could prove useful in

later investigations.)
In order to establish that (A B)= A B similar techniques are employed. First noting
that C= A B 2 X, for somen > 1 we have that the sentence

5=82(z2C!'9 x9y9w9u(x 2 S(A)*"y2D(A[ B

W2AMNU2BMW2XA"w2yru2y))
holds in M if and only if (i )

5=8z(z2 C!9 x99w9u(x2 S( A)"y2D( A[ B)"

w2 AMu2 Brw2x w2y”ru2y))
holds in M : This implies that C A B: For the converse it is clear from the result that
S( F)= S(F); D( F)= D(F) and *-transfer that the sentence
6 = 8x8y8w8z(x 2 S( A)"Yy2D(A[ B)"w2 A~

z2 Brw2xMw2yrz2y!9 v(v2 CAx2vihy2vh
8u(u2 Xo[ Xn 12u2 C! u=vw)):

holdsin M:Let W2 A B: Then through application of Proposition 2 and arguing as abwe
there is a uniqueU 2 (A B) such that U = W: From this the result follows.

Proofs such as part (e) of this theorem using the above methade considered tedious and often
do not appear in the literature. In modern nonstandard analyis they are considered trivial examples
of the Leibniz Principle and are often left to the reader to okain. | disagree with such sentiments.
It is easy for an author to say these concepts \are expressiblby appropriate rst-ordered statements
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and the result easily follows." It is; however not so easy for the untrained to actually do so for
certain subtle requirements such as applications of Propd#on 2 could easily allude the neophyte.

(i) This is proved by induction with respect to the set N; = fnjn 2 NAn 1g:Letn=1; A; 2
H: Then there exists somep2 N; (p 1) such that C = fA;92 X,: Thus C Xo[ Xp 1:The
sentence
8Xx(x2 Xo[ Xp 1! (x2C$ x=Ay))

holds in M if and only if
8X(X2 Xo[ Xp 1! (X2 C$ x= A]_))

holdsin M:Thus A2 Candd2 C) d2 Xo[ Xp 1) d= Apyieldsthat C=f A0

case and part (vi)that fA1;:: 1 An;Ansa 9= FAL i ARG Anag)  FAL i Ang] fARag=
f Ao Apglf Anaag= A Ang

(iv) This follows by induction ; the de nition of n-tuples and part (iii).

(v) This follows by the *-transfer of sentences composed ol of constants such as in part (i)
and from (iv).

(viii) See proof of part (i) of Theorem 3.1.1. This completesthis proof.

Part (vi) (e) of Theorem 3.1.3 has some very useful consequeas that allows for a great simpli-
cation of our rst-order language. First ; by induction; one has immediately that (A; An) =
( Ay Ap): Also since any object in (A1 Ay) is an actual set-theoretic n-tuple from
the basic de nition then for any a 2 Aj; 1 i n the symbol (a;;:::;a,) may be used
as the correct set-theoretic abbreviation for the unique se t termed an n-tuple. This
simpli cation is utilized continually throughout the rema inder of these manuals.

[Note: There are numerous equivalent forms that can be useda represent a statement formally
in the required \bound" form so that each quanti ed variable is forced to vary only over members of
H or H: In this regard, notice that H [resp. H] is closed under the basic set-theoretic operations
for standard [resp. internal] objects. Thus, for example,fA 2 H and B 2 H, then a statement such
as8x((x 2 A)M(x 2 B)  satis es the bound requirement since this is equivalentto8x(x 2 A[ B )
and A[ B2H]

Theorem 3.1.4. Let ;& R A An; (n> 1);
@) Pi(R)= Pi( R):
(i) If R is a binary relation (i.,e. n=2);then R *=( R)

Proof. (i) This is established by induction on the number; m; of Cartesian products. First note
that;ingenerat R  Aj Ah) R A AnandPi(R) A;) (Pi(R)) Ajp: Let
m = 1: Consider the *-transfer of the following sentence, where te symbol (x; y) is an abbreviation
for an obvious but more complex rst-order expression.

BXx(x2 A1l x2P1(R)$9 y(y2 Ax" (x;y) 2 R)):

Theng2 (P1(R)))9 s2 Ajssuchthat(g;92 R) (Pi(R)) Pi( R): On the other hand; if
g2 Pi( R);thenq2 A;and9s2 Aj,suchthat(q;92 R) q2 (Pi(R)): ThusPi( R)= P(R):
In like manner for the projection P:
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Assume that result holds for an arbitrary m 2 Nj; (i.e. for P;; 1 i m+1). Consider any
R A; Anm+2 : Now for a little general set theory. From the de nition ( Ay An+2) =
(A1 Amn+1) Amps2 =C Ape andR  C  Aps: Let R = Pc(R). Then for each
i; 1 i m+1; Pi(Rc)= Pi(R): These set-theoretical facts hold for any n-ary relation in¢uding
R: Thus; from the induction hypothesis; 8i; 1 i m+1; (Pi(R)) = Pi(Pc(R)) = Pi(R):
Then (Pm+2 (R)) = Pn+2 ( R) follows from the rst case wherem =1:

(ii) This follows from the *-transfer of the sentence

8x8y(x 2 A1 y2A,! ((XY)2R$ (y;x)2R 1Y)

Proposition 3. If internal a2 H and b2 Xy; then aZb:
Proof. This is often proved directly during the construction of M but it also follows by
*-transfer of each sentencewheren 2 N;

8x8y(x 2 XoNy2 Xp!: (y2x)):

Theorem 3.1.5. Let A be an entity. Then
) f(x)jx2Ag= f(x;x)jx2 Ag:
(i) f(xy)jx2y2Ag=f(z;w)jz2w2 Ag:
Proof. (i) Let 1o be the identity relation de ned on A: Then by *- transfer of the sentence

82(z2 1419 X(Xx2 AN (X;X) = 2))
it follows that (1) [ ( A): On the other hand; *-transfer of the sentence
8X(x2 Al (X;x)214a)

yields that | ( A) (Ia) and thus I ( A)= (la):

(i) Let E = f(x;y)jx 2y 2 Ag; where A 2 X,: If p  1; then E = ; by Proposition 3 and
result is obtained. Hence letp 2, a2 b2 A2 X,) a2b2X, 1) a2 Xo[ X, 2: Now let
K = f(z;w)jz2 w2 Ag: The sentence

8z(z2 E!9 x9y(x2 Xo[ Xp2"y2 Xp 1"
x2yrty2 A"z=(XY))
holdsin M : Thus E K: On the other hand; consider the *-transform
8x8y(x 2 Xo[ Xp 27y2 Xp 17x2y2 Al (xy)2 E):

Now if (c;d) 2 K; thenc2d2 A) c2d2 X, 1) a2 Xo[ Xp 2 by Proposition 2. This
implies that K E and completes the proof.

In the next demonstration we meet for the rst time what | call a partial *- transfer. What this
means is that for some arbitrary object within a set a sentene is discussed and *-transformed. After
this discussion the result is obtained through applicationof the metalogic axiom of generalization.
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Theorem 3.2.1. De nition 3.2.1 (i.,e. S! +)is equivalent to the limit de nition for conver-
gence of a sequence (i.dimp;;  S(n) = ¥).

Proof. For the su ciency ; let arbitrary s 2 R* and assume that linh;;  S(n) = + Then
9N 2 N such that 8n > N; kS(n) +k <s: Hence the sentence

8x(x2 N~AXx>N Ik S(x) +k<s)

holdsin M :Inparticularlet 2 N; :Thenk S() +k<s:But; >N; 8N2N)k S() k<
s; 85 2 R*: Hence S() 2 (¥): Since is also an arbitrary member of N1 the su ciency is
obtained.

For the necessity assume that8 2 N; ; S() 2 (¥): Let arbitrary s2 R*: SinceN; 6 ;
then the statement

9z2(z2 N”™8x(x>z"x2 N!'k S(x) tk<s))
holds in M : Thus by removing the * notation
92(z2 N"8x(x>z "x2 Ntk S(x) *k<s))

holds in M : But; this is the limit de nition for convergence and the proof is complete.

Theorem 3.2.2. Let the sequenceS:N! R"; (n 1): Then S! +2 R" if and only if for
each 2N;;st(S)=+#
Proof. This follows from the de nition of the standard part o perator.

Theorem 3.4.1 (The Leibniz Principle). A sentence holds true for members ofH if and
only if the sentence holds true for members of H:

Proof. The model theory portion of this proof is not elementary and requires additional e ort.
However, proofs can be found inStroyan and Luxemburg [1976] ; Davis [1977].

From this all of our previous theorem involving *-transfer follow. The proofs that the internal
objects are closed under the basic set-theoretic operatiors very tedious. There are obtained by
basic *-transfer and application of the previous results. The method is the same in all cases. Here
is one example that shows that if you have a statement like

= 8(x2A!9 y(y2B~x V),

then it holds in M if and only if the *-transfer holds in M ; where we do not * the relation symbol

y: However, we must always translate this as stating in the *-transfer mode \internal x a subset
of internal y." This is so since this is an abbreviation for the statementx 2 ( P)(y); where the
power-set formation is considered as an operator. Considahe binary relation E = f(x;y)jx 2
A”ry2B"x yg Then9p2 N suchthatE X, and this impliesalso thatE ~ X,, E Xop:
By taking the *-transfer of

8z2(z2 Xp! (z2E$9x9y(x2Ary2B~

8w(w 2 Xo[ Xp 22w2x! w2y));
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applying Proposition 2 and the usual argument one obtains E = f(x;y)jx 2 A~y2 B”"Xx vyg:
From this the *-transform may be written as

= 8x(x2 A!9 y(y2 B x y):

Thus as long as the *-transfer is applied to sentences wheréné quanti ers are bounded (or assumed
bounded) by standard entities then ogjects arel_closed undethe basic binary set-theoretic operators.
This even includes the more general X and X where X is an internal entity. However; it does
not include all set-theoretic operators. In particular; if A is an in nite entity ; then P( A) is not
internal although P(A) = (P(A)) = ( P)( A). As seen by the proof of Theorem 3.4.3 every
element of (P(A)) is an entity and *-transfer of the characterizing statement it is also a subset of
A. Thus in those set-theoretic expressions where the power seperator is used it must carry a *
notation under *-transfer.

Theorem 3.4.2. The set of in nite natural numbers Ny = N N:
Proof. Previously proved in Example 3.4.3.

Theorem 3.4.3. (Leibniz' Principle Restated). A sentence holds true for members of
< = U[P (V) if and only if the sentence holds true for the members of U or internal subsets
of U:

Proof. Observe that < = UJ[ P(U): The setU 2 X, ) U Xo[ Xp 1) P (V)
P(Xo[ Xp 1) = Xp)P (U) 2 Xp+1: Hence, (P(U)) 2 X,+1: Since, by *-transfer, no internal
set is a member of Xg, then by Proposition 2 (i) each member of P (U) is an internal subset of U
and the proof is complete.

Theorem 3.5.1. Let SIN! R:If Sis an increasing[resp. decreasiny sequence and there
exists some 2 N; suchthat S 20;thenS! st(S:)

Proof. Assume that S:N ! R is increasing. Then by *-transfer S: N! R is increasing.
Hence for 2 N; and form 2 N it follows since > m that S(m) S() : Consequently, since
S() 20 thest(S(m))= S(m) st( S())= r 2 R: Thus the sentence

8Xx(x2 N! S(x) r)

holds in M ; hence in M : Thus 8 2 Ni; S() r)8 2 N;; S() 20:Hence8 2
Ni ; st( S()) 2 R:Sqgletarbitrary 2 N;; 6 ;st(S())= ro:Thenthe same sentence as
above with rg replacing r yields that S() ro) st(S())= r ro:Consequently st( S()) =

r: Since is arbitrarythen S() 2 (r); 8 2N; ) S!
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Appendix For Chapter 4.

Theorem 4.1.1. De nition 4.1.1 is equivalent to the limit de nition for a se quenceS! +1 :
Proof. First; the method of partial transfer is used. Assume that lin,;; S, = + 1 : Let
arbitrary B 2 R*: Then from the classical de nition there exists someMg 2 N such that the
sentence
8x(x2N*x Mg! S B))

holds in M : By *-transfer this particular statement implies since 8 2 N; ; >Mpg that S B:
No matter what B 2 R* is chosen the same conclusion for eacMg Thus in all cases8 2
Ni; S B: But B is any arbitrary positive real number. Thus 8 2 N; ; S 2 R} :

For the converse assume that8 2 N;; S 2 R} :Let B2 R* and 2 N; which exists
sinceN; 6 ;: Obviously; if ;then 2 N; ) S >B: Hence the sentence

X(x2N"8y(y2 N~y x! § >B))

holds in M and thus holds in M : But this is the classical de nition and the result follows.

Theorem 4.1.2. Letr2 R*; S:N! RandS! +1 :Thenforeach 2 N; there exists
some 2 Nj suchthat S()+ r S() :

Proof. From Theorem 4.1.1 simply consider the *-transfer ofthe complete de nition for
limay S(n) =+ 1: Take S()+ r as the bound. ThenO9M 2 N such that 8 2 N;
M) S() S() + r: Obviously; if M 2 Nj ; then any member of N; will suce and this
completes the proof.

Theorem 4.2.1. (The Extended Standard De nition Principle )
(i) Aset A2 H is an extended standard set (i.e. there exists som& 2 H such that
A = B) if and only if there exists some standard setD (i.e. D 2 H) and a standard bound formula
( x) in one free variable where each constant in( x) is a member ofC(H) and

A=fxjx2 D™ (x)g

(i) A set A is an extended standard n-ary relation i > 1) if and only if there exist n

Proof. (i) Let ( x) be any bound formula in which all constants are members ofC(H): Let
B = fxjx 2 D" ( x)g; whereD and all constants in ( x) represent members ofH: In our general
set theory the setA exists. Letay;:::;an be the list of all constants in ( x): Then there is a nite
set f X;g such that each & is a member of someX;; and someX,; p 1 such thatD 2 X, and
sinceB D then from Proposition 1 (vi) B 2 X,: Observe that this also implies that the formula
( x) is de ned within the superstructure H (i.e. the vocabulary of ( x) is interpretable in H).
Even though once it is understood that ( x) has meaning inH the following expanded form is not
considered necessaryit is presented in preparation for the proof of Theorem 4.2.2 The sentence

8 2X1" M am2Xm "D 2Xp"B2Xp"8x(x2B$ (x2D)" (X))

115



In nitesimal Modeling, Part Il

holds in M if and only if the *-transform holdsin M : Consequently A= B = fxjx2 D" ( x)g:

Conversely, let A = B: Simply consider the formula (x) = x 2 B: Then B 2 X, and B
be aset. Ifx2 B;thenx 2 Xo[ Xp 1:Further; Xo[ Xp 12 Xp) Xo[ Xp 12 Xp:Thus
A= B=1xjx2 Xo[ Xp 1™ ( Xx)gfromthe rst part.

1 in n free variables and assume as before that the non-quanti er bunding constants represent
members ofH: Adjoin the fact that each D; 2 X,y and that there exists someXy such that
B 2 Xk; k 1 to the other facts. Then the sentence

a2X1"N AN an2XmAD12Xpmy N A Dn2 Xpm ~ B2 X h

8x1 8xp(x12D1N "N x,2D,!8 z(z2B$

holds in M if and only if the *-transform holds in M : Consequently, A = B = f(Xy;:::;Xp)jX1 2
D1 " xp2 Dp™ ( X15::1;Xn)0:

The converse follows in the same manner as in part (i) and the pof is complete.

Corollary 4.2.11.1  For the in Theorem 4.2.1, if B = fxjx 2 D "~ ( x)g [resp.
f(X1;::05Xn)jXxa 2 D1 N Xn 2 Dy ™ ((X13::5Xp)g], then B = fxjx 2 D~ ( x)g [resp.
f(X1;::5Xn)jX22 D1 N Xp 2 Dp ™ (( X1;:15Xn)0:

Theorem 4.2.2. (The Internal De nition Principle)
(i) A set A in our set theory is an internal set if and only if there exists some internal set
D and an internal bound formula ( x) in one free variable where each constant in( x) is a member
of C( H) and
A=fxjx2 D" ( x)g

(i) A set A is an internal n-ary relation (n > 1) if and only if there exist n internal sets

Proof. (i) Let a;;:::;am be the list of all constants in ( x): Then eacha; is a member of some
X and there exists X, such that D 2 X,: Now replace every distincta; at each occurrence with
a distinct variable y; yielding the n+1 placed formula ( X;y1;:::;Ym): The following sentence

8yr 8ym8z(y12 X1 M ym2Xm"z2Xp!9 u(u2 Xy

BX(X 2 Xo[ Xp 1! (x2u$ x22z" (Xy1;::5Ym)))

holds in M if and only if it holds in M : Consequently, by considering the speci ¢ internal objects
denoted by & and by D: Then the corresponding internal u that exists in X, is precisely the set
fxjx2 D™ ( x)g:

The converse follows from Proposition 2 in the same manner ag the proof of part (i) of
Theorem 4.2.1.

(i) For this part follow the same procedure as in the second prt of the proof of Theorem 4.2.1.
Modify the appropriate subformula of the formal sentence that appears in the proof of this theorem
part (i) in the same manner as the sentence was modi ed in the ppof of Theorem 4.2.1 part (ii).
With this the proof is complete.
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Theorem 4.3.1. Letn > 1: Then for each internal R Al Ap andforeachi; 1 i n
it follows that P;(R) = P;(R); where P;(R) is an internal subset of A;:

Proof. Observe that for eachi; 1 [ n the ith projection may be considered a map
Pi:P(AL An) 'P (Aj): Thus P; is a map from the internal subsets of A; A, to
the internal subsets of A;: Hence if internal Q Al Aq; then ( P)(Q) A is internal.
Further; in general, there exists someX, such thatif B A; An; then B 2 X,: The remainder
of this proof is by induction on the number of Cartesian products; m; as was done in the proof of
Theorem 3.1.4. Letm = 1: The following sentence

8z(z2P (A1 A2)!8 x(x2A;!

(x 2 P1(2) $9 y(y 2 A2 " (X1Y) 2 2))))
holds in M if and only if it holds in M : Suppose that internal Q  A; Az Let g2 ( P1)(Q)
Then g2 A;)9 s2 Ajzsuchthat (g;9 2 Q) (P1)(Q) Pi(Q); where Py is a set-theoretic
projection for n-ary relations Q 2 H: On the other hand; let g 2 P1(Q): Then g 2 A; and
9s 2 A, such that (g;9 2 Q: This yields; from the *-transform; that g 2 ( P1)(Q) and; hence
( P1)(Q) = P1(Q); The remainder of this proof follows in exactly the same manng appropriately
modi ed ; as does the last part of the proof of Theorem 3.1.4.

Theorem 4.3.2. Let F(B) be the set of all nite subsets of B. Then nonempty internal
A B is hyper nite if and only if A 2 ( F)(B), where if there can be any confusion, we continue
to denote the *-transform of such operators ag F):

Proof. As mentioned, the notion used for nite sets is a rst-order statement in our set-theory
with \ nitely" many _ symbols and constants. This is not the mapping notion used fothe de nition
of hyper nite. However, it is a simple exercise to show by indiction that since N X that for any
nonempty nite set A 2 H; there exists inH a bijection f:[0;n]! A: Then f corresponds within our
set-theory to a set that can be characterizes as having the sae \number" of _ symbols and constants
when the range is completely described. Consequently, whener itis necessary, we characterize nite
sets by such mappings. Nextit is necessary to establish by induction that the mapping cacept
used for the hyper nite set de nition is equivalent to the *- transform of the standard set-theoretic
nonempty nite set mapping correspondence. We show that8n 2 N if g 2 BI®"l and g[[0; n]] = A;
then 9k, 2 N and an injection f 2 B®kn1 sych that f [[0; k,]] = A: For n = 0 then g itself is such an
injection. Suppose the hypothesis holds for an arbitraryn 2 N: Let g 2 BO"*1 and g[[0;n+1]] = A°
Our set theory states that there exists a mapg; = gj[0; n] and g;[[0;n]] A% By induction 9k, 2 N
and an injection f; 2 Bkl such that f1[[0;k,]] = 01[[0; n]]: If gu[[0;n]] = A% then f; suces. If
a1[[0;n]] 6 A% then g(n + 1) 2 gi[[0;n]] = f1[[0;ka]] and A® = gy [[0;n]][f g(n + 1) g: In this caseg
simply dene f = f(k, +1;g(n+1))g[ f1: Then f is an injection de ned on [0; k, + 1] onto A°.
The hypothesis holds by induction. Consequently if 9n 2 N such that g 2 B"I; then g[[0;n]] = A
is nite in the standard set-theoretic mapping sense. The cmverse is obvious and this implies that
our slightly modi ed mapping de nition is equivalent to the *-transform of the standard mapping
\de nition" for nonempty nite sets.

For a given entity B there exists someX,, such that F(B) 2 X, Let A= P(N)and B= fBg:
Then as discussed just prior to example 4.3.1 there exists ste q 2 N such that for each A 2 A
and B 2 B; BA 2 Xq4 and; hence since the members oB* are not individuals eachf 2 BA is a
member of X4 1: From the above proof it follows that the follow sentence

8x(x2 Xp! X2F(B)$9y9z(y2 N*z2 Xq 1"
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z 2 BV~ 2[[0;y]] = x))

holds in M if and only if it holds in M : The result follows by *- transfer.

Theorem 4.3.3 Any nonempty nite set of internal individuals or entities i s internal and
hyper nite.
Proof. This follows from Proposition 2 (iii) and Theorem 4.3.2.

Theorem 4.3.4. Let A 2 < and assume thatA is in nite. Then there exists a hyper nite set
F suchthatF 6 A, F 6 AandA F A:

Proof. Let in nite set A 2 X,: Consider the standard binary relation R = f(x;y)jx 2y~ y 2
F(A) "~ x 2 Ag: Observe that the domain of R is the set A: Consider f(x1;y1);:::;(Xn;¥Yn)g R:
Thenthesety;[ [ yn 2 F(A)and f(xg;y);:::;(Xn;y¥)g A: Thus R is concurrent on A. Thus
there exists someF 2 F(A) such that 8x 2 A; x 2 F: SinceA 2< then A=A F and by
*-transfer F A: SinceA is not internal and F is internal then F 6 A: Further; if F = A; then
the sentence

X(x2 F(A)Mx=A)

holds in M since it holds in M : This would contradict the fact that A is not nite and the proof
is complete.

P
Theorem 4,3.5. An in nite series; il:o a;; converges tor 2 R if and only if foreach 2 Nj
it follows that ;& 2 (r):
Proof. This is an immediate consequence of Theorem 3.2.1.

Theorem 4.4.1. De nition 4.4.1 for continuity and uniform continuity is eq uivalent to the

de nition.

Proof. (i) (Continuity). Assume De nition 4.4.1. Thus for n onzeron;m 2 N; nonempty
A R"; the mapping f:A ! R™ has the property at p2 A that f[ (p\ A] (f (P): Let
r 2 R*: If pis anisolated point then (p)\ A= fpgand f[ (p)\ A]= fpg (f (p)): Suppose
that p is not isolated. Then906 2 (0)andp+ =92 (p)\ A: Moreover, 0< kq pk< k k
andifs2 AandO< ks pk<kk;thens2 (p)) f(s)2 (f(p): Combining these two cases
it follows by *- transfer that the sentence

IX(Xx2 R* "8y(y2A"r0 kp yk<x !k f(y) f(pk<r))

holds in M : Hence f is continuous atp 2 A:
For the converse let r 2 R* : Then we know that there exists somerg 2 R* such that

8Xx(x 2 A0 kx pk<ro'k f(x) f(pk<r)

holds in M : Hence the *-transfer holdsin M : Nowlet g2 (p)\ A: Then kq pk<rg for any
ro 2 R*: Thus forany r 2 R*; kf(gq) f(p)k <r: Sincer is an arbitrary positive real number
then it follows that forany g2 (p\ A; f(q f(p)2 (O)and) f[ (p\ A] (f (p)):

(i) (Uniform continuity). Assume De nition 4.4.1. Thus fo r the map f:A ! R™ and if
p;g2 A;p q2 (0);then f(p) f(g) 2 (0): Suppose that arbitrary r 2 R*: We know that
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there exists a nonzero 2 (0) and for any p;q2 A suchthatkp ok<; f(p) f(@ 2 (0))
kf(p f(gk<r Hence the sentence

Ox(x 2 R* "8y8z(y2 A z2 AMky zk<x 'k f(y) f(zk<r))

holds in M : Thus f is uniformly continuous on A:

For the converse assume uniform continuity and let arbitrary r 2 R* : Then we know that there
exists somerg 2 R* such that for each x and eachy such that x;y 2 A and kx yk < rg then
kf (x) f(y)k <r: By *transfer we have that for any p;q2 A andp g2 (0) it follows that
kf(p) f(gk<r: Sincer is an arbitrary nonzero positive real number then f(p) f(g) 2 (0):
This completes the proof.

Theorem 4.4.2.  De nition 4.4.2 for compactness is equivalent to the standad de nition
utilizing open covers.

Proof. Even though there are proofs of this that in this case do not require the enlargement
property (see Herrmann [1978] ) the enlargement property leads to a much shorter demonstréon.

SupposeA is compact and that there is aq2 A such that g2 f (r)jr 2 Ag: We use the
characterization that (r)= f Gjr 2 G2Tg; whereT is the set of all open subsets oR": Thus
for eachr 2 A there exists someG, 2 T such that g 2 G;: SincefG;jr 2 Ag is an open cover
for A then there exists a nite fGy;:::;G,g f Gijr 2 Agsuchthat A Gi[ [ Gy: Hence,
A Gy Gh)9i;1 i nsuchthatq2 G; 2 fG;jr 2 Ag: But this contradiction
implies that standard compactness yields De nition 4.4.2.

Conversely, assume thatA is not compact and let G be an open cover ofA that does not contain
a nite subcover. As usual all of these objects are members dfl: Consider the binary relation

R=1f(x;y)jix2G"y2 ANy 2xg:

Let f(X1;¥1);:::;(Xn;¥n)9 R: Then there exists someq2 A such that g2x; foranyi; 1 i n:
Hence R is concurrent and the domain ofR = G: Thus there exists someb2 A such that (x;b) 2 R
foreachx2 G Butx2 G$ x= ; G 2 G: Consequently, since G contains at least one open
neighborhood for eachr 2 A then b2= f (r)jr 2 Ag and this completes the proof.

NOTATION

Notice that the notation has been generalized slightly. So hat there was no possibility of
confusion when not carefully read, hyper-function notation such as f has been presented in two
forms. The ( f)(A), to identify the function f and f(A), meaning (f (A)) when A is a standard
object. The notational form ( f)(A) is unnecessary since which meaning applies depends uponeth
argument. In this example, whenA is standard, one needs only write f (A). It is obvious that this
notation has only the one possible meaning (f (A)) for in this form the hyper-function is also being
displayed since (f (A)) = f( A): On the other hand, if A is simply speci ed as an internal object,
then the notation f (A) can only mean (f)(A): The notations are equivalent if A = B. In some
cases under our identi cation process, the notations are ao equivalent where we let A = A; where
A is identi ed with the standard object via the constants sequences of atoms (urelements).
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Appendix For Chapter 5.

In all that follows the set of natural numbers : N; is assumed to contain zero and all
functions from a domain that is a subset of R" into R are bounded.
For an n-dimensional spacen  1; the closed setR =[ay; ] [an;h]; & <bj; 1 i nis

calleda rectangle. Of course if n = 1; then a \rectangle" is but a closed interval. As usual, consider
for each f; b] apartition P; as a nite set of members of p;; b] such that a;; b 2 P; and whereP; is
considered as ordered. This is often explicitly written asP; = fXjo;:::;Xik9; & = Xjo <Xj1 < <
Xik = b: This determines the closed one-dimensional subinterval[, 1);Xjpl; 1 p K: In brief,
this process obtains a partitionP = Py P, of R and a nite collection of closed n-dimensional
subrectanglesS obtained by considering (Kio;X11] [ [ [Xik 1;Xk]) (Xno;Xn2l [
[Xam 1;Xnm]): Each S has a measurev(S) 2 R; assigned to it which is intuitively the product of
the lengths of the sides. For simplicity of notion the de nition of the measurev(S) is left intuitively
understood.

Probably the simplest partition to consider would be the onetermed a simple partition. These
are formed by selectingn nonzero natural numbersmy;:::my and dividing each interval [a;; ] into
an equal length partition by adding to each successive partion point the number (b &)=(m;):

This concept is extended to the nonstandard world by selectig n in nite natural numbers  1;::: 4
and generating for each interval p;; 3] an internal hyper nite partition, P;; each subinterval of which
has positive in nitesimal length (b a&)=( ;) = dx;: Then the partition P = P; P, is a

simple ne partition of R: Such a partition yields an internal set of hyperrectanglesRq such
that v(Rj) = dx; dxp = dX 2 (0)*: You could be much more general and consider thene
partitions which are internal collections of hyper nitely many members of [a;;h] such that the
length of any subinterval is an in nitesimal. Let P be a partition of the rectangle R and assume
that P determines the set of subrectanglesRgj1 g mg: An intermediate partition ; Q;is
any nite sequence of vectorsf+,g; wherevy 2 Ry for eachqgsuchthatl g m: Let P be the set
of all simple partitions of R and Ps any nonempty subset ofP: Then there exists a mappingQ on
the set Ps such that for each P 2 Ps the image Q(P) is the set of all intermediate partitions for
P: From a notational view point subrectangles are denoted by vaous symbol strings. In particular;
S; Rg; Rs:

For any partition P of R let S(P) denote the set of all subrectangles generated bip: If S 2 S(P);
then let kSk denote the length of the diagonal ofPthe subrectangles: As usual, de ne the mesh(P)=
EPk =maxfk SkjiS 2 S(P)g: Now let L(f;P ) = 525 (P) msV(S) be anlower sum and U(f;P )=

s2s (p) MsV(S) be anupper sum ; wherems =inf ff (x)jx 2 SgandMs = supff (x)jx 2 Sg As is
well-known; for any set of partitions of R the set of lower and upper sums is a bounded set. Further
let L(f) = supfL(f; P )jP is any partition of Rg and U(f) =inf fU(f; P )jP is any palgition of Rg:
The function f is Darboux integrable if L(f) = U(f) and the value of thisintegral isD  f (x) dX =
L(f) = U(f): As is well-knownf is Darboux integrable if and only if f is Riemann integrable in the
sense of Riemann Sums and has the same value. Now the conceptlte mesh extends to the *-mesh
and for any internal partition Q of R the kQk exists by *-transfer of the nitary statement dealing
with maximum values that exist within a nite set of real numb ers. Alsg Q is a ne patrtition if and
only if kQk2 (0):

Notice that if Ps is any nonempty subset of the set of all partitions ofR; then the lower and
upper sums we may consider maps (f; ):Ps ! R and U(f; ):Ps ! R: These maps extend to
themaps L(f; ): Ps! Rand U(f; ) Ps! R:
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De nition A5.1. Letboundedf:R ! R andP, be any nonempty set of hyper nite partitions
of R such that kPk2 (0) foreachP 2 P,: Then f is said to be Z-integrable for P, if there
exists someP 2 P, such that

z
st(L(f;P))=st( Uf;,P))=2 f(x) kPk:
R

Proposition 5.1.  Suppose that boundedf :R! R:Let Q= Q; Qn be a hyper nite
partition of R; where eachQ; is a hyper nite partition of [a;b];forl i n:If mesh@;) 2 (0);
forl i n;then

0 L(f) L{EQ)Z (0);
0  UQ) u)z (0):

set of real numbers it follows that P; = P;: Now let Q = Q Qn be a hyper nite partition

of R; where eachQ; is internal and mesh@;) 2 (0): [Note that mesh@;)2 (0)forl i n
if and only if mesh@Q) 2 (0):] Let Q; = fa; = yio;:::,Yi( +1) = bg: For eachj =1;:::;m; we
know there are nitely many members of Q; such that yy ;)  Xj <Yi«()+y : This holds for each
i =1;:::;n: Thus there is a_nite set R of in nitesimal subrectangles Rq such that x 2 P if and
only if there exists someRqy 2 R such that x 2 Rq: Further; if Rq 2 R ; then v(Rq’BZ (0): SinceR
is also a hyper nite set then by *-transfer we can rearrange tie hyper nite sum 5,5 o) MsV(S)
as follows: X X
L(f; Q)= ms V(S) + ms V(S):

S2R S2(S(Q)R )

This all implies since a nite sum of in nitesimals is in nit esimal that

X
L(F;,Q) ms V(S):
S2(S(QR )

Moreover, with respect to the common re nement = P [ Q the partition points in P only nitely

partition the in nitesimal subrectangles S 2 R: Hence in a similar manner the hyper nite sum
L (f;K ) can be rearranged so that

X
L(f;K) ms V(S):
S2(S(Q)R )

e Thus L(f;K) L(f;Q):

Now K is a hyper nite partition of R that *-re nes P: By *-transfer of the elementary properties
of lower sums and partitions it follows that L(f;K ) L(f;P ): Letr 2 R*: Then there is a standard
partition P; such that L(f;P1) L(f) r: From this we have that

L(F) L(EQ) L(EK) LEPy) L(E) r

Sincer is arbitrary then taking the standard part operator we have that st ( L(f;Q)) = L(f): Thus
0 L(f) L(f;Q)2 (0):Insimilar manner the second conclusion follows and this completes the
proof.
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Proposition 5.2.
(i) A bounded function f:R! R is Darboux integrable i it is Z-integrable for some P, if and
only if it is Z-integrable for all P;:
(ii) If bounded f:R ! R is Darboux integrable or Z-integrable for P, ; then
z z

D f(dX =2 f(% kPk
R R

Proof. These results are indeed immediate from Propositiors.1 and application of the standard
part operator.

Proposition 5.3. Let f:R! R and P, be any nonempty set of hyper nite partitions of R

such that kPk2 (0) for eachP 2 P,: If f is Z-integrable andP;Q 2 P, ; then
z z

st(L(;P)=st( L(EQ) =2 f(%) kPk=2Z f(x) kQk:
R R

Proof. Sincef is Darboux integrable then once again application of Propogion 5.1 and the
standard part operator completes the proof.

Theorem 5.1.1. A bounded function f:R ! R is integrable if and only if it is integrable in
the sense of Darboux and Riemann Sums.

Proof. Let P be the set of all simple partitions of R: Then there exists a mappingQ on the set
P such that for eachP 2 P the image Q(P) is the set of all intermediate partitions for P: For each
P 2P and eachQ 2 Q(P) let

X
S(f;P;Q) = f (X¥)v(S):
S2S (P)%2S\ Q

First; assume thatf is integrable as de ned in by De nition 5.1.1. Then we know that there is
somer 2 R; someP%2 P such that foreachQ®2 Q(P9; S(f;p% Q% 2 (r): Hence for arbitrary
A2 R*

r A< SHEP%QY<r +A:

By *-transfer; there exists a standard simple partitionP 2 P such that for eachQ 2 Q (P) it follows
that
r  A<S(f;P;Q)<r + A

From this it followsthat r A  L(f;P) U(f;P) r+A:Thusr A L(f) U() r+A;)
ju(f) rj AandjL(f) rj A: SinceA is arbitrary then this implies that U(f) = L(f) = r:
Consequently, f is Darboux integrable and as is well-knownf is Riemann integrable in the sense of
Riemann Sums.

Conversely, assuming thatf is Darboux (or Riemann) integrable then f is Z-integrable for; P, ;

the set of all ne partitions of R: Thus P°2P, and kP% = dX; then
Z Z

st(L(EPY = st( UFPY =2 f(dX =D f(x)dX:
R R
But from *-transfer ; for eachQ®2 Q(P9;
L(EPY  SHEP%QY  UEPY:
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The result follows by taking the standard part operator.

Theorem 5.1.2. If bounded f:R ! R is integrable; then there exists a uniquer 2 R such
that for every ne partition P = fxg;:::% g, 2 Np and every internal intermediate partition
Q=1%o 1 ¢ 2 N; it follows that

f (%) V(Rq) 2 (r):
k=1
Proof. Sincef is Darboux integrable then it is Z-integrable. Let P, be the set of all ne
partitions of R: Then every member ofP, is internal. Result follows by repeating the proof of the
converse of Theorem 5.1.1 foP, :

Obviously; the restriction of ne partitions to the simple ne partitio nsis not necessary since the
value of the integral de ned in Chapter 5; as well as the equivalent Darboux or Riemann integral is
independent of the choice of the ne partition. Clearly; the simplicity of the simple ne partitions is
often useful in applications and the customary integral no@tion of dX implies that each in nitesimal
subrectangle has *-measure =dX: However, for much that follows P is often assumed only to be an
in nite set of partitions P = P, P, and in this case letting S(P) the set of all subrectangles
of R R" generated byP 2 P; we de ne the set Qs = fSj9P(P 2P~ S 2 S(P)g: Extend the
de nition of simply additive to P:

Proposition 5.4. Let f:R! R: Let P be any in nite set of partitions (including the trivial
onefRg) of R; B:(Bsr ! R; and B simply additive on each P 2 P: Suppose that there exists a
ne partition Q2 P (i.e. kQk 2 (0)) such that for every S 2 S(Q) there exists somep2 S
such that

B(SO= v(S) f(p);
then forany r 2 R*
rv(R)+ L(f;Q)<B(R)< U(f;Q)+ rv(R):

Proof. Let r 2 R* and assume that for the ne partiton Q2 P
(B(R))= B(R) U +rQ):

First; we make the following standard observations. LetP 2 P be any standard partition of R:
Assume that B(R) U(f + r;P): The simple additivity of B vyields that there must exist some
S 2 S(P) such that

B(S) Mgsv(S); Ms =supff(x)+ rjx 2 Sg:

By *-transfer; there exists someT 2 S(Q) such that
B(T) Mt v(T); My = supf f(%)+ rjx2 Tg:

Hence for eachp2 T
B(M) (f(@+r) v(T):
Therefore since v(T) > 0 this implies that for each p2 T;
B(M=(wT) f(p =
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This; however, contradicts the hypotheses. Thus (B(R)) = B( R) = B(R) < U(f + Q) =
U(f; Q)+ rv(R):
In like manner; it follows that rv(R)+ L(f;Q)<B (R):

Proposition 5.5. Let f:R! R: Let P be any in nite set of partitions (including the trivial
onefRg) of R; B:Bsr ! R; and B simply additive on each P 2 P: Suppose that there exists a
ne partition Q 2 P such that for every S 2 S(Q) there exists somep2 S such that

B(O= v(S)  f(p);

then f is Z-integrable for f Qg and
z
B(R)=2 f(x) kQk:
R

Proof. From Proposition 5.4 we have that for anyr 2 R*; rv(R)+ L(f;Q) <B(R) <
U(f; Q)+ rv(R): Taking the standard part operator and using Proposition 5.1t follows that

rv(R)+ L(f) B(R) U(f)+ rv(R):

But r an arbitrary positive real number )
z
L(f)=U(f)=2 (%) kQk:
R

Theorem 5.2.1. (An In nite Sum Theorem.) Let boundedf:R ! R and simply additive
B:Gsr ! R:If there exists a simple ne partition fRgj1 g g and for each Ry there exists
somep2 Rq such that

B(Rg)=dX  f(p); ()
then f is integrable and 7
B(R)=  f(»dX:
R

Proof. Simply apply Proposition 5.5.

De nition A5.2. (Jordan-Supernearness). Let J be a nonempty Jordan-measurable subset
ofR R":AmapB:G ! R;whereG is a nonempty set of Jordan-measurable subsets o is
JORDAN-SUPERNEAR to boundedf:J ! R if for every K 2 C; such that v(K \ Rg) 2

(0)" ; where Rs is an in nitesimal subrectangle of R; and every p2 K \ Rgs it follows that

B(K\ Rs)=v(K\ Rs)  f(p); ()

where v(A) is the Jordan content for any Jordan-measurableA J and B isdened on K \ Rs:

Proposition 5.6. Let J be a Jordan-measurable subset oR": If bounded f:J ! R is
uniformly continuous on J and G is any nonempty set of connected Jordan-measurable subsets
J; then there exists a mapB:G ! R that is Jordan-supernear to f:
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Proof. Consider any rectangleR such that J R and as usual de ne for eachA 2 C;;
z z
B(A)= f(x)dX = f(x)dX:
A R

Let A2C;and Ry R beFQny subrectangle such thatA\ Rg 6 ;: Then we know that there exists
somes2 A\ Rp such that ,, R(0) f(%)dX = f (9)v(A\ Rg): Suppose thatQ 2 C;; v(Q\ Rs) 2
(0)+ and B is de ned on Q\ Rs; where Rg is an in nitesimal subrectangle. Then Q\ Rg 6 ;
and *-transfer implies that there exists someg2 Q\ Rs such that B(Q\ Rg)= f(¢g v(Q\ Rs):
Consequently,
(B(Q\ Rs)=Vv(Q\ Rs)  f(p):

SinceQ\ Rs Rs;then %2 Q\ Rs ) x ¥;and uniform continuity of f ) f (%) f(y):
Thus for any p2 Q\ Rs;

B(Q\ Ro)=Vv(Q\ Rs)  f(8 f(p:

This completes the proof.

In order for Jordan-supernearness to yield continuity onJ; it appears necessary to select both
of the setsJ and G more carefully.

Proposition 5.7. Let the rectangle R R"; f:R ! R and Gr =
fRgjRq is a subrectangle ofRg: Suppose thatB:Ggr ! R is Jordan-supernear tof; then f is
uniformly continuous on R:

Proof. Let p6 q; p;82 R; p q:Assuming that p = (X1;:::;Xn); €= (Yy1;:::;Yn) then
dx =maxfjx; Vijjl i ng> 0: Now letting Rs = f(z1;:::;2,)j8i(1 i n! (x1 dx z
Xn + dx) * (z 2 R)g then for this in nitesimal subrectangle we have that Rs 2 GCsr; P; €2 Rs
and v(Rs) 2 (0)": Jordan-supernearness implies that for each 2 Rg

B(Rs)=V(Rs) f(x):
Sincef is bounded onR and p; g2 Rs then

B(Rs)=Vv(Rs) f(p) f(a):

Consequentlyf is uniformly continuous on R:
Theorem 5.2.2. A bounded function f :R ! R is continuous if and only if there exists a map
B:Gr ! R thatis supernear to f:
Proof. Obvious from above propositions.
Corollary 5.2.2.  Suppose thatf :R ! R is continuous. For eachRs 2 Csg de ne B(Rs) =
. f (%) dX: Then B is supernear tof:
Proof. This is established in the proof of Proposition 5.6

R

Theorem 5.2.3. Letboundedf:R! R:If B:Ggr ! R issupernear tof and simply additive
on each simple partition of eachRg; then f is continuous onR and
z
B(Rs) = f (%) dX
Rs

for eachRg 2 CsRr:
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Proof. PE?position 5.7 implies continuity of f implies that the mapping B~ Gsr ! R de ned
by BYRs) = Rs f (%) dX is supernear tof: Now f is bounded onRs: Let P, be the set of all simple
partitions of Rs: Then B is de ned on all subrectangles generated by members d?, and simply
additive on S(P) for each P 2 P, : Hence there exists a ne partition Q 2 P, and B restricted
to Go(1)sr(s) is also (Jordan) supernear tof . Of coursg f is bounded on eachRs: Thus for each
Rs; B satis es the hypotheses of Proposition 5.5. Therefore,

z z
B(Rs)= Z f (%)dX = f (%)dX = BYRs):
Rs Rs
Corollary 5.2.3.1 Letboundedf:R! R:If B:Ggr ! R is supernear tof and additive on
Gsr; then f is continuous onR and
z
B(Rs) = f (%) dX
Rs

for eachRg 2 CsRr:
Corollary 5.2.3.2 Let bounded f:R ! R: There exists one and only one maB:Gr ! R
that is supernear tof and either simply additive on each simple partition of eachRs or additive on

Gsr.
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Appendix For Chapter 6.

Recall that a curve is a continuous mapc: [0;1]! R": This is equivalent to considering ¢ as
determined by n continuous coordinate functionsx; = fi(t); 1 i neachdenedon[Ql] R:
Of course the geometric curve C determined by these functions is usually considered as thees

fi(t); 1 i n;eachdenedon [0;1] R and they generate the \hypercurve" C R":

Example 4.4.1.A. Let 2 N;j:Then F = ftjt; = i= ~ 0 i g is an internal and
hyper nite subset of [0; 1]: By *-transfer F behaves like an ordered patrtition of the interval [Q 1] as
de ned in the standard sense. Such a set is termed ane partition  (i.e. hyper nitely many mem-
bers of [Q 1] generating subintervals that are in nitesimal in length). The internal set F generates

the internal set of \points" P = f( fo(ti);:::; fn(t)))jti 2 Fg that are members of the hypercurve
C: Now for eachi =0;:::; 1; and eachj; 0 | nlet fj(ti+c) fj(t) = d(i): (If cis
continuous, then eachd(j;i) 2 (0):) For eachi 2 N such that 0 i 1; the internal set
e f(xgiinxe)i8i 2 Ny 1ojonp x; = fj(t)+ t(d(;i)) At 2 [0;1]gis a hyperline segment
connecting the two points ( f1(t;);:::; fn(ti)); ( fl(tiﬂ%; 2i1; fa(tisr)) on the curve C: From
this one obtains the internal hyperpolygonal curveP = f7j0 i 1g: As to the length of
P simply extend the concept of length in the classical sense bge ning for each i =0;:::; 1

the vector % = (d(1;i);:::;d(n;i)) 2 R": Then let the hyper nite sum i:Ol kvk=jP j2 R:
Even though; in general you would have a di erent hyperpolygon with a di erent hyper real length
for 8 2 N; we show using the above terminology and notation that:

If cis continuously di erentiable ; then forall 2 Nj ; jP j2 (r) and the real number

xo
r= f ()2 dt:
a j=1

Proof. Consider an arbitrary 2 N; and the internal partition F of [0; 1]: This is a simple ne
partition with t;,; tj = dt = 1= : (Actually the following proof holds for any ne partition.) By *-
transfer of the standard mean value theorem for the derivatve; it follows that foreach i =0;:::;  1;
and eachj =1;:::;n there exists sometﬁ 2 (ti;ti+1) such that

di;i)= ft})dt:
D q D

dp— ap b
Thus kvik = (o d(Gi)2 = [l (F2E)d)? = {2 (ft3))2dt: Since eachf ? is uni-

Eormly continuous then f(t)= ft)+ ji; ;i 2 (0): Thus kvk = " fo (fAt)+ ji)2dt=
P P P
(o (f6)2+ idt; ¢ 2 (0): However, [ (fXti)? + fo (F)? )
P P P
J_n:l( fjo(ti))2 + J_n:l( fjo(ti))z: Hence kvik = J_n:l( fjo(ti))zdt + 5dt; 2 (0):
y *-transfer of the nite case; maxfj ;jjO i lg= 2 (0): Also note that the function

jnzl fjo(t)2 is continuous on p; b: Putting the above together we have that

X 1 x 11 % X 1
kvik=jp j= T (fot)2dt+  dt
i=0 =0 j=1 i=0
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But,
X1 X1
j i dtj jjdt=jj(b a2 (0):
Therefore;

( fjo(ti))zdt 2 (0):

AP _ :
Since i=1 fjo(t)2 is bounded and integrable then theorem 5.1.2 yields that

Zb X

o<

X 1E X
st (fti))2dt =
i=0 j=1 & j=

fAt)2 dt;
and the proof is complete.

What the above de nition shows is that in this case our de nition jP j is independent of the
particular 2 Nj; chosen (as mentioned within the proof it is actually indeperdent of any ne
partition chosen) and also coincides with the classical one Indeed; we have the following added
proposition that shows that the classical concept of the reti able curve and the existence ofr 2 R
such that jPpj2 (r) for every ne partition Q of [0;1] are equivalent concepts.

Proposition 6.1.  Consider continuousc:[0;1]! R": Then c is recti able if and only if for
every ne partition Q of [0; 1]
st( jPqj)= L:

Proof. (Sketch) Let P = fO = up <uj < Ug = 1g be a partition and let Pp denote the

curve. Consider any ne partition Q of [0;1]: Let | =[t;;tj+1] be a subinterval generated byQ:

Thenforanyt2 I; jfj(t) f(t)j; jf(t) fij(ti+)j2 (0) for eachj since eachf; is uniformly
continuous on [Q 1]: Note that by *-transfer jPqj is but the length of the interval hyperpolygonal

curve Pg as de ned in Example 4.4.1.A. Now there are but nitely many i n nitesimal subintervals

generated by Q that contain the partition points from P: Considering the standard properties of
the Euclidean norm; the internal common re nement P [ Q and the fact that the nite sum of

in nitesimals is in nitesimal this leads to

jPrj  jPprol  JPqQit+ ;i 2 (0):

Since c is recti able then given any r 2 R* there exists a partition P(r) of [0; 1] such that 0
L jP p(nj <r By *transfer we also have that jPgj L: Consequently,

0 L jPoj<r + :

Thus st ( jPgj) = L:
Conversely, let P be any standard andQ any ne partition of  [0; 1] Then internal partition
P [ Qs a ne partition. Thus
iPej  jPprqi2 (L):
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Hence
st(jPpj)= jPpj st( JPprl)i=1L

and L is an upper bound for the standardjPpj and; thus; an upper bound for all internal partitions
of [0;1]: Moreover, if s2 R*;then 0 L JPp[ o] <s: Thus by *- transfer; for every s 2 R*
there exists some partitionK of [0; 1] such that 0 L jP kj<s: Thus cis recti able.

In Proposition 6.1; the number L is the length of the curve. We now proceed to establish the
other Chapter 6 theorems.

Theorem 6.2.1. Let A be a compact subset oR" and the in nitesimal subrectangle R A:
Then there exists somep2 A such that R (p:

Proof. SinceR 6 ; let x;¥2 R: Then x ¥: SinceA is compact then there exists some2 R"
such thaty 2 (p): Hence foreachx2 R; x p) R (p:

IR3
(1) We wish to measure a quantity M for a compact Jordan-measurable set] R R";
where M is de ned on and; at least, additive over members of the setfCg5; R J;J g: Further; if
subrectangleS R J; M(S)=0;andM(R J)=0: Let v(J) denote the Jordan content.

(2) There is a generating function f (%) that is related to the functional M in the following
manner:

(i) The functions f is continuous onJ:

(ii) Let P be some simple ne partition; S2 S(P)and K = J\ S 6 ;: Then there exist
¥nmn 2 K and %y 2 K such that f, = f(xy) = inff f(x)jx 2 Kg=inff f(x)jx 2 Kg and
fm = f(xm)= supf f(3)jx2 Kg=supf f(x)jx2 Kg:

@iy ( fm) V(S) M(S) (fm) v(S): [Note: this is the case where L is the identity
map.]

Theorem 6.2.2. If IR3 holds; then

z
M@J)=  f(x)dX:
J

Proof. Continuity of f onJ yieldﬁ since the sﬁ of discontinuities off* has Lebesgue measure
zerg that " is integrable onR: Thus | f(x)dX = _ f’\(x) dX: Let P be a a simple ne patrtition
and any S 2 S(P) such that K = J\ S 6 ;: Then we have from (iii) that

fm V(S)= fm dX  M(S) fum W(S)= fy dX:

Assume that K 6 :: Sincef = f'is uniformly continuous on J and *m;%uw 2 K ) %,  %u
then f(xm)= f(xm) fCGm)= f(3m))

M(S)=dX  \(%m): ()
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For the case that J\ S=;;itfollowsthat S R J; which implies that M (S) =0: Hence
in this case M (S) = f’\(x); forany x 2 S) expression (*). By application of the In nite Sum
Theorem z 4

M (R) = f()dX =  f(x)dX=MR J)+M@U)= MJ):
R J

Theorem 6.2.3. Let compact Jordan-measurable] R R": If continuous f:J ! R; then
for any partition P of R and any S 2 S(P); whereK = J\ S 6 ; there exist %, 2 K and %y 2 K
such that f, = f (%m) =inf ff (3)jx2 Kgandfy = f(xv) =supff (%)jx2 Kg:

Proof. This follows immediately since each suctK is compact andf is continuous on it.

Theorem 6.2.4. (Self-evident Max. and Min.) Let the rectangle R R" and suppose
that compact Jordan-measurableJ R: Let M be de ned as in (1) of IR3; continuousf:J! R; P
an acceptable set of partitions and anyP 2 P: If for any S 2 S(P) such that J\ S 6 ; it follows
that (fn)v(S) M(S) (fm)V(S); then the in nitesimalizing process IR3 holds.

Proof. Everything stated in the hypothesis can be written in our rst-order set-theoretic lan-
guage. Noting such things as the *-minimum [resp. *-max.] véue of f ona *-compact J\ S;where
S is an in nitesimal subrectangle; is the same as the minimum [resp. max.] value off on J\ S by
*-transfer and the fact that some simple ne partition exist s the result follows from Theorem 6.2.2.

IR4{Method of Constants
(1) In what follows; let for any A R" \int" denote the interior of A: Let A = fCgg;fint(J\
S) 6 ; S 2 Csrgg We wish to measure a quantity M for a Jordan-measurable set] R R";
where M is; at least; de ned on and additive over the members of the setfA ;R J;Jg and for a
subrectangleS; S R int(J) it followsthat M(S)=0and M(R J)=0: Let v(J) denote the
Jordan content.
(2) There is a generating function f (%) that is related to the functional M in the following
manner:
(i) The function f is bounded onJ:
(i) Let P be any arbitrary simple ne partition ; S 2 S(P) an arbitrary in nitesimal
subrectangle and; & K = int( J\ S):
(iii) There exists somex 2 K such that M (S) = f (%) v(S) or M (S)= v(S) f(%):

Theorem 6.4.1. If IR4 holds; then
Z
M@Q)= f (%) dX:
J

Proof. First; f is bounded if and only if f> as it is de ned on R; is bounded. We con ne our
attention to the function f:R! R": From (iii) of IR4 ; letting ; & K = int( J\ S)for S2 S(P)
there is somex 2 K; hence inS; such that

M(S)= f(x)v(S)= f(x)dX or
M(S)=Vv(S) f(x)= f(x):
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For the case thatK = ; then S R intft J)) M(S)=0= f’\(x) dX forany x 2 S: Thus in
all cases, M (S)=dX f’\(x); % 2 S: Thus from the In nite Sum Theorem
z z
M (R) = f()dX = fx)dX=MR J)+M@J)= M)
R J

and the proof is complete.

Prior to the next proof | point out one aspect of the Jordan-measurable subsets that will tacitly
appear throughout many of these proofs. LetJ be a Jordan-measurable. Then it is part of the
de nition that J is a bounded subset ofR": As is well-known this implies that the boundary of
J; @Jis Jordan-measurable and thatv(@J = 0: Further; @int(J)) @J) thatint( J) is Jordan-
measurable. Since int@J\ int(int( J))=; andJ @J int(J)) v(J) v(int(J))) v(nt(J)) =
v(J):

Theorem 6.4.2. (Self-evident Method of Constants ) Let the rectangle R R" and
suppose that Jordan-measurablel R: Let M be de ned as in (1) of IR4; continuousf:R! R; P
an acceptable set of partitions ofR and anyP 2 P : If forany S2 S(P) such that; & K =int( J\ S)
there exists somex 2 K and somey 2 S such that (i) M (K) = f (%) v(K) and (ii)) M (S) = f (¥) v(S);
then the in nitesimalizing process IR4 holds for f restricted to J:

Proof. Let k = fjJ and Q2 P be a simple ne partition. Assume that ; & K = int( J\ S)
for S 2 Q: Note that k is bounded. By *-transfer of the hypotheses there exists somx 2 K
(thus x 2 S also) and somey 2 S such that (i) M(K) = k(%) v(K) = f (%) v(K) and (ii)
M (S) = f(¥) v(S): Thus since v(K) 6 0 then

M (K)=v(K)= f(%)

M(S)=Vv(S) = f(y):

But; both x; ¥2 S ) % ¥:Uniform continuity of f yields that f (%) f(y¥)) M(S)=v(S)
f(x)= k(» = Q(X); where x 2 S and thus
z z
M(R)= Rx)dX = f(x)dX:
R J

Theorem 6.4.3. (Extended Self-evident Method of Constants ) Let the rectangle R
R" and suppose that Jordan-measurable] R: Let M be dened as in (1) of IR4; continuous
f:R! R;continuousg:R! R; P an acceptable set of partitions ofR and any P 2 P : If for any
S2S(P)and; & K =int( J\ S) there exists somex;; %, 2 K and somey;; ¥ 2 S such that (i)
M (K) = f (%) g(>2) v(K) and (i) M (S) = f (y1) 9(32) v(S); then the in nitesimalizing process IR4
holds for fg restricted to J:

Proof. Let k = fjJ and h = g@jJ: By *-transfer there exists a simple ne partition Q 2 P
with all the indicated properties. Let S S(Q); ; & K = int( J\ S): Then there exist %;; %, 2
K; (%1;%2 2 S) and ¥1; ¥ 2 S such that

M(K)=Vv(K) = k(x1) h(>2) = f(x1) 9(x2)
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M(S)=V(S) = f(y) 9(¥2):

Uniform continuity of f and g imply that f (%) f(y) and g(¥2) 0(%1): Using the fact that
f and g are also bounded we have that

f(y1) 9(32) f (%) 9(>1):

Hence
M(S)=v(S)  R() () %12 S

and the result follows.

[Remark. It is obvious that in the above two theorems (i) is not really needed if we know that
the y's are members ofK: The reason that (i) is included in the hypothesis is that it is easier to
argue for the location of the x's when applications are considered.]

For a given rectangleR; recall that F (Gsr) is the set of all nite sets of subrectangles ofR:
Extend the de nition of the maps L(f; ); U(f; ) for any nonempty collection F 2 F(Csg); where
; 2F : Let P be any standard partition of R: For agivenJ R R"; where to avoid trivialities we
always assume that intd) 6 ;; de ne the following set theoretic operators each de ned on he set
of all partitions. The boundary subrectangles@P)=fS S2S(P)*S\ J6 ;» S\ (R J)6 ;0;
the exterior subrectangles extP) = fS S2S(P)*S (R J)g; and the inner subrectangles
inn(P) = S(P) (@P)[ ext(P)): Notice that S 2 inn(P) if a§|d onlyif S J: Let P be a set
of partitions of RandIp = f[ A 9P(P 2P~ A =inn(P))g fS 9P(P 2P " S 2 inn(P))g:
When considering the nonstandard extension of these operats; we use the notation@;inn and ext
rather than the notation @; ext and inn: Since any ne partition Q is hyper nite and the sets
@Q); inn(Q) and ext(Q) are internal subsets ofQ then they are hyper nite and by *-transfer of the
standard nite case it follows that for bounded f:J ! R

LFiQ)= L(l@Q)+ L} ext(Q)+ L(f}inn(Q)):

ufiQ)= UM @Q)+ U ext(Q)+ U(f;inn(Q)):

Applying a method similar to that used to establish Proposition 6.1, it follows from the de nition
of Jordan-content that J has Jordan-content (i.e. is Jordan-measurable) if and onlyif for every ne
partition Q of R;

v(S) O
s2@oQ)

Proposition 6.2.  Let Jordan-measurable] R R";boundedf:J! R;andQ be any ne
partition of R: Then

Lf@Q) o uf@aqQ) o
L(f; inn(Q))  L(f}Q); U(f;inn(Q))  UFQ):

Proof. There exist somem; M 2 R such that for eachx 2 R; m f'\(x) M: Thus

X X
m  vS) LfaQ) uf@Q) ™M  v(S):
S2@0Q) S2@Q)
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From the above observation relative to the Jordan-content it follows that L(f’;\@(Q))
U(f’;\ @Q)) 0 and the second part of the conclusion follows from the fact at f’\(x) =0
for eachx 2 S and for eachS 2 ext(Q):

Proposition 6.3.  Suppose that Jordan-measurablel R R" and boundedf:J ! R: Let
Q=0Q; Qn be an internal partition of R; where eachQ; is an internal partition of [a;; h];
forl i n:If mesh@;i)2 (0) (i.e. Qis a ne partition) ; then

L) L inn(Q)); U()  U(f; inn(Q)):

Proof. From Proposition 5.1 of Appendix 5; L(f'\) L(f’;\Q) and U(f’\) U(f’;\Q) since
f*R! R is bounded. The result follows by application of Propositin 6.2.

Proposition 6.4. Suppose thatJ R R" and boundedf:J ! R: Let P be any innite
set of partitions; B:1p ! R; and for eachP 2 P; B is simply additive on eachinn(P)): Suppose
that there exists a ne partition Q 2 P such that for every S 2 inn(Q) there exists somep 2 S
such that

B(S)= v(S)) f(p);
then forany r 2 R* and A =inn( Q)

rv(fA)+ L(f;A)< B([A)< U(f;,A)+r v([A):

P
Proof. First; note that by *-transfer that visdenedfor [ A; v([A)= 4,, V(S) and that
B is de ned on[ A: Now repeat the proof of Proposition 5.4 with inn(P) substituted for P; [ inn(P)
or [ inn(Q) substituted for R and [ inn(Q) for Q:

Proposition 6.5. (An In nite Sum Theorem) Suppose that Jordan-measurablel R
R" and boundedf:J ! R: Let P be any innite set of partitions ; B:lp ! R; and for each
P 2 P; B is simply additive on inn(P): Suppose that there exists a ne partition Q 2 P such that
for every S 2 inn(Q) = A there exists somep2 S such that

B(S)=(v(S) f(p)

then f is integrable and 7
st(B([A) = f(x)dX:
J

Proof. From Proposition 6.4; we have that foranyr 2 R*; r v([A)+ L(f;A)< B([A)<
U(f;A)+ r v([ A): By *transfer of the standard case then v([ A) v(Jd)=v(d) Vv{[A)]
(@Q)) = V([ A)+ v([ (@Q))impliesthat st( v([ A)) v(I) st(v([A))orthat st( v([A))=
v(J): Consequently,
rst(v([A)+ st(L(f;A)) st(B([A)

st( U(f,A))+ rst( v([ A))
yields by Proposition 6.3 that
rv@)+ L(f) st(B(A) UM+ rvQ):
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Sincer is an arbitrary member of R* then
z z

L) = u{) = Rf“(x)olx: Jf(x)dX:st(B([A)):

Obviously; the above In nite Sum Theorem almost yields the result being sought. But; just as
obviously the functional B would need some additional property akin to a simple propery displayed
by the basic Jordan-measurev: Assume that a functional such asB is de ned on J and say that B
is Jordan-like if for the ne partition Q of Proposition 6.5 B([ A) B(J): It is not di cult to
show if for eachr 2 R* there exists a 2 R* such that for eachP 2 P with kPk < it follows
that jB(inn(P)) B(J)j <r; then B is Jordan-like for each ne partition Q 2 P: (Of course it is
assumed that for each mentioned in this last statement that such a partition P exists such that
kPk < :) If B satis es this property for a set of partitions P then we say that B has an ordinary
Jordan-like property.

IR5
(1) We wish to measure a quantityM for a compact Jordan-measurable se§ R R"; where
for simplicity assume that M is de ned on and; at least; additive over members of the setflp;Jg;
and P is the set of all simple partitions of R: As usual, v(J) denotes the Jordan-content.
(2) There is a generating functionf (%) that is related to the functional M in the following
manner:
(i) The function f is continuous onJ:
(i) For a some simple ne partition ; Q; and eachS 2 inn(Q) there exist ¥, 2 S and
v 2 Ssuchthat f, = f(¥%y)= Inff f(x)jx2 Sg=inff f(x)jx2 Sgand fy = f(xu) =
supf f (%)jx 2 Sg=supf f(x)jx2 Sg:
(i) ( fm) V(S)  M(S) (fm) V(S):
(iv) For Q; M is Jordan-like.

Proposition 6.6. Suppose there exists a ne partition such that IR5 holds forQ: Then
z
M@)= f(x)dX:
J

Proof. Consider the ne partition Q from (iii) of IR5. Then for each S 2 inn(Q)

(fm) V(S)  M(S) (fm) V(S):

Now f is uniformly continuous on J and ,; %y 2 S imply that %, vy and that fp, fm:
Therefore
M(S)=v(S)  f(xm):

Consequently, from (iv)
z z
fi(x)dX =  f(x)dX = st( B([ A)) = B(J):
R J

We also have a self-evident theorem that goes with Propositin 6.6.
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Proposition 6.7. (Self-evident Max. and Min.) Let the rectangle R  R" and suppose
that compact Jordan-measurableJ R: Let M be de ned as in (1) of IR5; continuousf:J! R; P
is the set of all simple partition on R and anyP 2 P : If forany S 2 inn(P) it follows that (f m)v(S)
M(S) (fm)v(S); and M has the ordinary Jordan-like property, then the in nitesim alizing process
IR3 holds.

Proof. For each ne partition Q 2 P the functional M is Jordan- like. Since there exists a ne
partition Q 2 P then the *-transfer of Theorem 6.2.3 and the hypotheses yiels that (ii) ; (iii) ; and
(iv) hold for Q: The conclusion follows from Proposition 6.6.

The Method of Constants can be greatly simpli ed for functionals M that are Jordan-like.

IR6{Method of Constants
(1) We wish to measure a quantity M for a Jordan-measurable set] R R"; where for
simplicity assume that M is de ned on and; at least; additive over members of the setf 15 ;Jg; and
P is the set of all simple partitions of R: As usual, v(J) denotes the Jordan-content.
(2) There is a generating function f (%) that is related to the functional M in the following
manner:
(i) The function f is bounded onJ:
(i) For some simple ne partition ; Q; and eachS 2 inn(Q) there exists somex 2 S such
that M (S)= f (%) v(S) or M (S)= v(S) f(%):
(iii) The functional M if Jordan-like for Q:

Proposition 6.8.  Suppose there exists a ne partition such that IR6 holds forQ: Then
z
M@)= f(x)dX:
J

Proof. This is immediate from Proposition 6.5 and that M is Jordan-like for Q:

Proposition 6.9. (Self-evident Method of Constants) Let the rectangle R R" and
suppose that Jordan-measurable] R: Let M be dened as in (1) of IR6; boundedf:J ! R;
where P is the set of all simple partitions on R and any P 2 P : If for any S 2 inn(P) there exists
somex 2 S such that M (S) = f (%) v(S); and M has the ordinary Jordan-like property; then the
in nitesimalizing process IR3 holds.

Proof. Again this is immediate from *-transfer and Proposition 6.5.

The advantages of having a Jordan-like functional are obvias when one compares our last
proposition in the section with Theorem 6.4.3.

Proposition 6.10. (Extended Self-evident Method of Consta nts). Let the rectangle
R R" and suppose that Jordan-measurabldd R: Let M be de ned as in (1) of IR6; continuous
f; g:J! R; whereP is the set of all simple partitions onR and any P 2 P : If for any S 2 inn(P)
there exists somex; 2 S and somex, 2 S such that M (S) = f (%1)g(>2) v(S); and M has the
ordinary Jordan-like property ; then the in nitesimalizing process IR6 holds.

Proof. The proof follows from Proposition 6.5 and the obseration that for a ne partition Q
and S 2 inn(Q) if %1; %2 2 S;then %1 % and f (%) g(%2) f(%1) g(>1):
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Appendix For Chapter 7.

Theorem 7.2.2. Let Jordan-measurable J R R"; boundedf:J! R;and Q be any ne
partition of R: Let hypernite S(Q)=fS 0 i 1g: Assume that there exists a hyper nite
sequencel;; where U; 2 S; for each S; 2 S(Q): Then

X X
st( f(U) v(S)=st( F(U) v(S)):
S(i)2inn( Q) S(i)2S (Q)

Proof. First; recall the following de nitions. The boundary subrectangles @Q) = fS S 2
S(Q)~S\ J6 ;2 S\ (R" J)6 ;g;the exterior subrectangles extQ)= fS S2 S(Q)*S
(R" J)g; and the inner subrectangles innQ) = S(Q) (@Q)[ ext(Q)): Notice that we have
used the notation @;inn and ext rather than the notation @; ext and inn even though these sets
are generated by obvious extended standard set-theoretic peerators. It follows directly from the
de nition of Jordan-content that J has Jordan-content if and only if for every ne partition Q

X
v(S) O

S()2@Q)

Since there existsm; M 2 R such that for all x 2 R; m f’\(x) M then noting that @Q) is
internal and; hence a hyper nite set we have from *- transfer of the nite case that

X X X
m v(S) f(U) v(S) M v(S):
S(i)2@Q) S(i)2@Q) S(i)2@Q)

P
Thus  g()2@o) T(U) V(S) O
The sets inn(Q) and ext(Q) are also hyper nite sets and from the properties of nite addition
and the fact that f’\(Ui) =0 for each U; 2 S; 2 ext(Q) it follows that

X X
(Ui) v(S) = f(Ui) v(Si) + (Ui) v(S)+
S(i)2S (Q) S(i)2inn( Q) S(i)2@Q)

X
(Ui) v(Si) f(Ui) V(S):

S(i)2ext( Q) S(i)2inn( Q)
Since X X X
m v(Si) (U) v(S) M v(Si)
S(i)28 (Q) S(i)28 (Q) S(i)28 (Q)
and
v(Si) = v(R)
S(i)28 (Q)
then
f(U) v(si)
S(i)28 (Q)

is a limited number and the result follows.
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Appendix For Chapter 8.

Theorem 8.3.1. Foreach 2 (0)theseto()=f h h2 (0)gis anidealin (0):

Proof. First; we show that o ) is a subring of the ring (0). Sinceo( ) (0); then consider
arbitrary h; 2 o() and h, 2 o ): Observe that (h1) (hy) = (hy hy) = hs; where
hz3 2 (0); and ( hy)( h2) = ( hihy); where (hihy) 2 (0)): Thus of ) is a subring of (0): Let

2 (0): Then ( hi)= ( hy)impliesthat o ) is anideal in (0):

Theorem 8.3.2. Let 2 (0)': Suppose thatw2 Rand0 w h 2 o(): Thenw2 of ):

Proof. Obviously; if w =0 or w = h; then result holds. Hence suppose that O<w < h: Now
O0<w= <h impliesthat w= 2 (0) impliesthat (w=)= w2 of ):

Theorem 8.3.3. Let ; 2 (0)':1f0 ;theno( ) of)ando( ) isaidealino():
Proof. We know that o( ) is an ideal in (0): Thus let h 2 o( ) and hi 2 o ): Then
( hh1) 2 o ) implies that o( ) is an ideal in o( ): To show that o( ) o ) we need only consider
the nonnegative elements. Let0 h 2 o( ): Then O h < h implies by Theorem 8.3.3 that
h2o):

Are there order ideals such thato( ) o )and o( ) 6 o )?

(1) Let O < :: 2 (0':Theno( ) of)ando( )& of):

Proof. 2 o ); but 20 )for h = ) h=1:Indeed if r 2 O (0); then
r2o();but r=2o0 ):

(2)Letn2 N* =N f 0g; 2 (0 :Theno(") of" 1 o()ando( )6 o(1); 1
i;j n;i6j
Proof. From (1).

Letf 1;:::; kO (0O): Dene o 1;:::; k)=Ff 1hy + + xhg hi2 O"*1 i kg

Theorem 8.3.4. Let =maxfj 1j;:::;j «jo: Then o( 1;:::; )= o ):
Proof. Assume that x =

", ihi20( ;500 ) Let 2 (0) and maxfj haj;:::;jhnjg:
Then
0 j i hij jijjhij n = (n)2o0o():
Thus o 1;:::; 1) o ):
On the other hand; let h 2 o(): Since = ; for somej such 1 j n then
h2o(q1;::550)) o) o 1;:::5 n):

Theorem 8.3.5. Let =maxfj i1j;:::;j «jo: Then

of 1;::5 k)= o F+ o+ 2)=of):
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Proof. By *-transfer P o 2 " jpi" Now for h 2 (0) it f%lleﬂs that jhjIO o 2
njhj ; in which case by Theorem 8.3.3jhj sy 22 0)) h ", 2 2 o(): Hence
o T D o)

i=1 i :

Conversely, let h 2 o ): Then jhjp% o( ): But j hj= jhj=j;jjhj ] hjIO iz, 2 0Once
i

again Theorem 8.3.3 implies that h 2 o( - O

Theorem 8.4.1. Let 1 n 2 N: Suppose thatf (" D:[a;nb]! R andthat f(M:(a;nb)! R;
wheref (K) denotes thekth derivative of f: Then there exists somet 2 (a;nb) such that "f (a;b) =
f M)

Proof. By induction. We know the result holds for n = 1; therefore; assume that result holds for

n landletg(x)= f(x+b) f(x); x2[a;a+(n 1)b:Nowg" V(x)=f(™ D(x+b f" V(x)2 R

for eachx 2 [a;a+ (n 1)b]: Thus; by induction; there exists somety 2 (a;a+(n 1)b) such that

(" Dyga;bh = g™ (te)d® 1= (F(" D(tg+b) O () B 1: Applying the mean value theorem

yields that there exists somet 2 (to;to+ b) suchthat g™ Y(tg) = f(" D(tg+b) (™ D(te) = F(t)b:
Thus; "f(a;b= (" Yg(a;b= f"(t)b"; wheret 2 (a;a+ nb):

Corollary 8.4.1.1 Let1 n 2 N: Suppose thatf (" Y:[a;b! R and that f(™:(a;b! R;
then foreachdx 2 (0)" andc2 [a;b);there exists some 2 (c;ct ndx) such that " f(c;ct dx) =
f (M (t) (dx)":

Proof. This follows from *-transfer and the fact that [ ¢; c+ ndx] [a; b

Theorem 8.4.2. Let1 n 2 N: Suppose thatf (" D:[a;h! R andthat f(M:(a;b)! R:If
c?2 (a;b); then for eachdx 2 (0); dx O [resp. dx < 0]

f"(c) (dx)" " f(c;c+ dx);[respf (c+ dx;c)] (mod o((dx)™)):

Proof. Let c2 (a;b) and consider anyr 2 R* such that [c;c+ nr] [a;b]: Dene g:[c;c+(n
Dr]! Rbyg(y)= f(y+r) f(y): Theorem 8.4.1 implies that there exists someé; 2 (c;c+(n 1)r)
such that (™ Dg(c;r) = g™ D(ty)r" I By *-transfer it follows that for dx 2 (0)" there exists
somet 2 (c;c+(n  1)dx) such that ™ D g(c;dx) = o™ I(t)dx(" Y: Consequently, by *-
transfer; one obtains

(n 1 (n 1)
" (e dx) = f (t+ d;(i f (t) dx":
Consequently,

nf(cdx) O D+ dx)  FO Dty
dxn - dx -
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f Dt+dx) £ D) (t+dx) ¢

+

(t+dx) c dx

f0 D 00 D) c t _

c t dx
f" D+ dxy) £ D dxg
dxq dx

f Dc+ dxy) £ (g dxs

dxo dx

wheredx; = t+dx c;dxp=t c2 (0): We observe that 1< dx ;=dx < n and that 0 < dx ,=dx <
n 1: Recall that

(0 Ber o) 10090 b _png 90

st dxq dx - dx
f Dc+ dxy) M V(g dxz N dxz
st 0 X = f"(c)st X
Therefore,
f" Dc+dxy) " V() dxg
dxq dx
f D+ dxy) (0 (o) dxs
dxo dx
dX]_ dX2
n —_— =
f(c) st X + st X
dX]_ dX2
fn t — == = f"(0):
©@© st 4 (0)

From page 71. A simple proof shows thatifr;ro2 [ 1;1]; then the best we can say is that
kcet+r ) gt+ro )k2o0(): (6)

Proofk c(t+r ) g(t+ro )k= k(hy;:::5hp)r k= 2 (0):

From page 72. Considering any(s;t)(so;to) 2 [ 1;1] [ 1;1]a simple proof yields that

k #(up+s;vp+t) R(up+ so ;Vo+ to )k2 o(maxf ; g)= o ): 4)

P
Proof. k #(ug+ s ;vo+t ) R(Uo+ So ;Vo+ to )k= s2 2hZ+ t2 2h2: Hence

q_—
is hsj  s?22hn2+1t22h2 | s hgj+jt hyj;

L —
jthy  s22h2+t22h2 j s hgj+jt hyj;
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implies that
shs , the o o s huis it hai
5 + 5 §2 2hz + t%2 2hf j s hgj+ jt hyj:
Consequently, q
s T ot s? 2hZ + t2 2h2 s T ot

where s; t; s; t2 (0): The result follows from Theorem 8.3.4.

From page 75. Prior to discussing the McShane integraj a general theorem that establishes
that - ne partitions exist for each L-gauge is a useful addition to this appendix.

Proposition 8.1. Let X be a nonempty connected topological space. LeC be a collection of
subsets ofX with the following two properties.

() If x 2 X; then there exists someC 2 C such that x 2 int( C):

(ii)If Cq; C,2CandCy\ C,6 ;;thenCy[ Cr2C:

The following two statements are equivalent.

(A) The space X is compact.

(B) The set X is an element of every collection of subsets of that satisfy (i) and (ii).

Proof. Assume that X is compact and the getC satis es (i) and (ii) agove. Then there exist
a nite subset fCy;:::;Chgof Csuch that X = fint(C;)) 1 i ng= fC 1 i ngfrom
(i) and compactness. ConsiderC; and assume thatn > 1: Then there exists someCy such that
C1\ Cy, 6 ; from the connectedness oK: From (i) Ay = C1[ Ci, 2C: If n> 2; then there exists
some Cy,; where Cy, 2 f Cy; Cy,0g; such that A;\ Cy, 6 ;: A%ain from (i) Az = A1[ Ck, 2 C:
Continuing this nite process leads to the conclusionthat X = fC; 1 i ng2C:

Conversely, assume that (B) holds and let G be an open cover of)(:é?ecall that F(G) is the
set of all nite subsets of G: Let C= fA A X ’\QSY(Y 2F(@Q" éA Y))g: Obviously; since
G C; () hglds. Moreover; if C1; C, 2 C and C; Y1 and C, Y2; then Y1 [ Y22 F(G) and
Ci[ C fY1[ Yog imply that Ci [ C, 2 G: Thus (ii) holds. Hence, X 2 C implies that X is
compact. This completes the proof.

| point out that the partitions that are used in the gauge type integrals and other generalizations
of the Riemann integral often are not considered to generateclosed subrectangles; butrather are
considered to generate \left-closed" or \right-closed" sibrectangles. This is what is done by McShane
in his de nition of the McShane integral. Thus referring to C hapter 5; Section 5.1 replace the set
of closed subrectangles obtained by considering the expaio® of ([x10;X11][ [ [Xik 1;X1k])

(Xno;Xn2l[ [ [Xnm 1;Xnm]) by the collection A =fA; 1 i mgof n-dimensional right-
closed subrectangles obtained by considering the expansi®f ((X10;X11][ [ Xk 1;X1k])
((xno;Xn2l[ [ (Xmm 1;Xnm]): This gives a collection of right-closed rectangles that subivides
(X10;X1k]  ::: (Xno;Xnm] = Ryc into nonoverlapping right-closed subrectangles. Howeverwhen
considering an intermediate partition Q; then it is often (but not always) required that each % 2 Q
also has the property that % 2 A;: This is the case with the - ne partitions discussed in Mawhin
[1985] ; and Swartz and Thomson [1988]. This is not the case with the - ne partition as de ned
by McShane.

Let the closed rectangleR = R, R": Recall that B R" is a nonempty open n-cell if
B =(a;;m) (an;bh); a<bj; 1 i n: Let B be the set of all open n-cells folR": In order
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to establish results with the least amount of notation; calla map :R" ! B aL-gauge if for each
x2 R"; %2 (x): (In all cases and without further mention; when one concentrates upon a domain
such asR then the gauge is considered to be the above map restricted t&:) Intuitively ; think of
a L-gauge as simply carving out speci ¢ open n-cell neighborhads for each member ofR": Now
there is associated with gauge integration the pairs Q; P) which are termed aP-partition of R if

however, are the - ne partitions  that are P-partitions with the additional property that

(iii) each A; (xj); for1 i k;where isal-gauge.

What needs to be determined however, is whether or not there exists at least one - ne partition
for a given L-gauge.

Proposition 8.2. Let :R" !B be anlL-gauge andR R": Then there exists at least one
- ne partition of R:
Proof. Let C be the set of all (closed) subrectangles of compadR for which there exists an
- ne partition. First ; we show that C satis es (i) of Proposition 8.1. Let x 2 R: Then x 2 (%)
and (%) is an open neighborhood ofx: Hence R\ (%) is a nonempty R-open neighborhood ofx:
Moreover, since there exists a closed subrectangle  R" such that x 2 intgn (1) | (39); it
follows that x 2 R\ intgn (1) intg(R\ I) |1 (%): Now simply consider the - ne partition
f(% R\ lrc)gof (R\ 1)rc: SinceR\ | = (R\ 1), is a (closed) subrectangle oR then R\ | 2C
and C satis es (i) of Proposition 8.1.

Let C;; C22CandCy\ Cy6 ;:LetP = fAg;:::;;Acgand PO = ng;:::;Agg be the two
subdividing collections of right-closed subrectangles ath Q ; Q° the corresponding nite sequences
for C1 and C;; respectively. These exist from the de nition of C. Now P = fA;;:::;Axg and
PO = fA9;:::;Abg are generated by partition P and P°, respectively. Considering the common
re nement P then it follows; since any new right-closed subrectangle generated by thisocnmon
re nement is a subset of some member oP [ PY; that a nite sequence of members ofQ [ Q° may
be chosen in such a manner that selection yields a possible wepair (P ; Q ) which formsa - ne
partition for the closed subrectangle C; [ C,: Thus C satis es part (ii) of Proposition 8.1. Since R
is compact thenR 2 C and the proof is complete.

In order to show the existence of a L-micropartition; a special type of internal function; "
termed a L-microgauge is needed.

Proposition 8.3. Let L(R";B) be the set of allL-gauges. Then there exists an internal map
: R"! B suchthat foreachx2 R" and every 2 L(R";B);

AN

AN

(%) (%):
Proof. Consider the internal binary relation
B=f(x;y) x;y2 (L(RB)"8z(z2 R"! y(z) x(2)g

We show that B is concurrent; at least; on the set (L(R";B)): Let f(Xx1;y1);:::;(Xn;¥Yn)g B
and fxqg;:::;Xn0 (L(R";B)) = f 2 L(R";B)g: By *-transfer of the result that for any
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% 2 R" the intersection of any nonempty nite subset of B each member of which containsx is

itself a member ofB; we can de ne the internal mapf: R"! B as follows: For eachx 2 R" let

f(3) = x1(3)\ \ Xp(3): Thisyieldsf 2 (L(R";B))and f(xy;f);:::;(xn;f)g B: Consequently,

B is concurrent, at least; on (L(R";B)): But; we are working in a polysaturated enlargement. This

implies that there exists some internal "2 (L(R";B)) such that for each x 2 R" and each
2 L(R";B) it follows that A('X) (%) and completes the proof.

The object " that exists by Proposition 8.3 is called aL-microgauge and has many interesting
properties. For example if p 2 R; then A(p) (p); but A(p) 6 (P since A(p) is an internal
*-open member of B; while (p) is an external set which is the union of *-open members of B:
[Herrmann [1978]] However, our major use of a L-microgauge’? in this appendix; is to obtain
a L-micropatrtition (Q~; P~) which now exists by *transfer of the results in Proposition 8.2.
Observe that (Q~;P») is also a - ne partition for each standard L-guage since each internal
A N6 (k)

McShane de ned his integral in the following manner. Let be al-gauge. Then there exists
a map L such that L( ) is the nonempty set of all - ne partitions of R: Let f:R ! R: Then f
is McShane integrable over R if there exists a real numberJ such that: for each positive real
number r there corresponds a_-gauge such that for each @Q ;P ) 2L ( );

f(x)v(Ai)) J <r
i=1

where v(A;) = Vv(A;): Since McShane's integral is equivalent to the Lebesque intgal; our nal
results in this particular appendix are stated in terms of the Lebesque integral.

R
Proposition 8.4. If f:R ! R is Lebesgue integrable with  f(x)dX = J; then for each
L-microgauge’\ and for each(Qx; Px) 2 L(A);

f(x) v(Ai)2 (J):
i=1

R
Proof. Suppose thatf:R ! R is Lebesgue integrable with . f (x) dX = J: Consider arbitrary
positive real r: The following sentence

X
9x(8y(x 2 L(R";B)"y 2L (x)! f(x)Vv(A)) J <r))
i=1

holds in M by *-transfer. Now let " be a L-microgauge and Q-; Px) 2 L(A): From the above
observation (Q~;P+) 2 L( ) for any standard L-gauge : Thus; independent of any particular
L-gauge and hence any particular positive realt

f(x) v(Aj)) J <
i=1

P
for each @Q~;P») 2 L(A): Consequently, ,_; (%) v(Ai) 2 (J) for each (Qa;P») 2 L(A) and
the proof is complete.
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Proposition 8.5. Suppose thatf : R ! R and there exists a real numbelJ; and a L-microgauge
" such that for each (Qr;Pa) 2 L(A);

f(x) v(Ai)2 (J):
i=1

R
Then f is Lebesgue integrable orR and  f (%) dX = J:
Proof. Letr be any positive real number. Then ,_; (%) v(A;) J <r: Thus the sentence

X
9x(8y(x 2 (L(R";B))"y2 L(x)! f(x) v(A)) J <r))
i=1

holds in M ; hence in M and the result follows.
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Appendix For Chapter 10.

Proposition 10.1 Let standard A 2 H: Then A is internal if and only if A is nite.

Proof. If Aisempty;then A= A = ; andthus Aisinternal. If A = fa;;:::;axg; a nonempty
nite set; then A =f a;;:::; axg= A isinternal. Conversely, assume thatA is in nite. Then
there someB A and a bijectionf:B ! N: Then for eachb2 B and there existsn 2 N such that
( b; n) 2 f: Further; for eachn 2 N there exists someb2 B such that ( b; n) 2 f from Theorem
3.1.3 part (v). Hence f[ B]= N:If Aisinternal;then A\ B = B isinternal. But; the image
of an internal set under an internal map is internal. This cortradicts the result that N is external.

The following is the very important Cauchy Principle  for normed linear spaces.

Theorem 10.1.1. (Cauchy Principle) Let P(x) be a bounded formal rst-order expression
in one fee variable and employing internal constants (i.e. aounded formal internal property as
discussed in Appendix 4 within the proof of Theorem 4.2.2.) If P( ) holds for each 2 "(0); then
there exists an open ballB about 0 such that P (%) holds for eachx 2 B:

Proof. (In the following proof; as an illustration; we retain the notation rather than assume
the identi cation. This will show how the embedding technically allows one to go back-and-forth
between the standard model and the model; in many cases. Some modern texts in this subject
do not utilize our identi cation process for objects in <:) Let ( z)= z2 (N f 0g)"8y(y 2

R" "kyk < 1=z! P(y)): Then ( z)is a bounded internal rst-order expression and from the
hypothesis ( z) holds for eachn 2 N; : Let A=fz z2 N*: ( z)g: From the internal de nition
theorem; A is an internal subset of N and A N: Thus A= C;whereC N: From proposition
10.1 C is nite. Thus C has a greatest membersay k: Hence ( z) holds for eachn 2 N such that
n k + 1: Now simply consider the standard ballB about 0 with radius 1=(k +1): Then B is
but the ballin R" about 0 with radius 1=(k +1) =1 =( k+ 1)

Theorem 10.1.2. Two internal maps f and g are equivalent if and only if there is a local map
such that for each nonzerox2 "(0)

FO =909 +( ())kxk:

Proof. De ne
_ T 909,

) Kk

for nonzerox 2 "(0); and (0) = ©: Let f g: Then for each nonzerox 2 "(0) we have that
(F(¥) g(>))=kxk2 ™(0)) is a local map.

Conversely, assume that for nonzerox 2 "(0) that f (%) = g(%)+( (%)) kxk; where is a local
map. The result follows from the de nition of a local map.

If the mapsf and g of Theorem 10.1.2 are locally linear mapsthen the equation in the conclusion
of Theorem 10.1.2 holds forx = 0 as well.

Theorem 10.1.3. Suppose thatf is any locally linear map. Then there exists a unique interna
linear map Tr: R" ! R™ such that kTk 2 O and there exists an openE  R"; where© 2 E;
such that f (%) = T; (%) for eachx 2 E:

144



In nitesimal Modeling, Part Il

Proof. First; we de ne an internal function by means of the Internal De nit ion Theorem. Let
xed 2 N; and =1= : Notice that for nonzero x2 R"; (x=kxk)2 "(0): Next; consider

T = f(x;y) x2 R"~x602y2 R™

X
y = kxkf Tk g[ (G;0):
We know that for any %2 R" there is a nonzero 2 (0) such that % 2 "(0): Consider any

%2 R"andan 2 (0)suchthat x 2 "(0): Then

0
foox
T (0= kak@— % A =
f kxkx
ok _f(x) _f(x)_ f(x)_f(x).

()

Obviously; if x2 "(0); then taking any nonzero 2 (0) we have that

JEDIR NN

Te (%) =

Consider the bounded internal rst-order expressionP(x) = x 2 R" ~ T¢ (x) = f(x): Since
P (x) holds for all x 2 "(0) then the Cauchy Principle implies that there exists an ope ball E
about O such that for eachx 2 E; T; (%) = f (%):

To establish that T; is a linear transformation; let x; ¥ 2 R" and 2 (0) be such that
%, ¥ 2 "(0): Then using (*) and the locally linear property it follows tha t

1 1
Tr(x+y)= —(f(x +y))=—-(F(x)+f(y)= T+ T (¥):
Now let r 2 R: Then there is a nonzero 2 (0) such that x; rx 2 "(0): Consequently,
1 r
Te(rx)= —f(rx )= —f(x)=rT¢(>):

For uniqueness let f (%) = T(x) = G(x) for each x 2 "(0); where T; G are internal linear
transformations from R" into R™: [Note: We; of course mean that they are linear transformations
over the vector space R" into R™ where the eld in question is R:] Then by linearity for any
%2 R"

o == kxkG

Lastly; we show that kT; k is limited. Recall that if T is a standard linear transformation; then
kTk=supfT(x) %2 R"~kxk=1g: The sup operator extends in general to internal subsets of

R and; indeed is the same operator as a sup de ned on some subsets of the ordd eld R even
though it may not exist for certain bounded sets such as (0): Assume that kT k is not limited.
Then by *- transfer of the standard case there is somex 2 R"; kxj = 1; such that kT; (¥)k is
in nite since the set fTf (%) % 2 R" "kxk = 1g is internal and not *-bounded. Consequently,
%x=kT; (%)k 2 "(0): From (*) one obtains

T(%) = kxkT = G(x):

X

T (0= KT OOKT g
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which implies that
%

KT: (3)k
Hence kf (x=kxk)k =1 2 (0) implies the contradiction that f is not a local map and this completes
the proof.

KTt (3)k = KT; (30k f

Theorem 10.1.4. Let f; g be locally linear maps. Thenf gif and only if Tf (%) Tg(%)
for eachx 2 R" such that kxk = 1:

Proof. First; assume thatT; (%) Tg(x) for each x 2 R" such that kxk = 1: Consider any
y2 "(0): Then from Theorem 10.1.3 it follows that

) o) - Tt T _ o ¥ T,

kyk kyk kyk 2 ()

v
kyk
Thusf g:

Conversely, assume thatf  g; kxk = 1and that positive 2 (0): Then from theorem 10.1.3

(%) 0(%), g

T Te)= S(T(x) To(x)= )0

Proposition 10.2. Let F;G:V !W be two linear transformations and V; W be (nontrivial)
linear spaces over the real or complex eldswhereV is normed. If there exists an open balB V ;
about O; such that F (x) = G(x%) for eachx 2 V;then F = G:

Proof. Let nonzerox 2 V: and positive r 2 R be the radius of the ball B: Then (rx)=2kxk 2
B and T((rx)=(2kxk)) = (r=(2kxk)) T (%) = G((rx)=(2kxk)) = (r=(2kxk))G(%) ) T(x%) = G(%):
Obviously; 9 = T(0) = G(0) and the proof is complete.

Theorem 10.1.5. If f isadi erential ; then there exists a unique bounded linear transformation
F:R"! R™ and an open setE  R" suchthat©2 E and F(x) = f(x) forall x 2 E and; in
particular; F (%) = f (%) for eachx 2 E:

Proof. Sincef is a di erential then there exists a bounded linear transformation F: R" ! R™
and a unique internal linear transformation T;: R" ! R™ such that F (%) = f(x) = T; (x) for
eachx 2 "(0): Consider the bounded internal rst-order expressionP(x) = x 2 R" " F(x) =
f(x) = Ti (x): Then since P(x) holds for all x 2 "(0) then the Cauchy Principle implies that
there exists some open balE about 0 such that for eachx 2 E; F(x)= f (%)= T; (%): Hence in
particular; F (%) = F (%) = f (%) for eachx 2 E: The fact that F is unique comes from the *-transfer
of Proposition 10.2.

Theorem 10.1.6. If f and g are di erentials and f  g; then there exists some operE 2 R"
such that 02 E and f (%) = g(x) for eachx 2 E:
Proof. There are two bounded standard transformationsT;G:R" | R™ such that f (%) =
T(%) and g(%) = G(x%) for each x 2 "(0): By the uniqueness property of Theorem 10.1.3 and
Theorem 10.1.4 T(¥) G(y) for eachy 2 R" such that kyk = 1: Considering anyZ2 R" such
that kzk = 1 and taking the standard part operator this yields T(2) = G(2): Taking any nonzero
%2 R"; we have that

X %
T (%) = kxkT ok = kxkG otk = G(x):
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Thus f (%) = g(x) for each x 2 "(0): Once again application of the Cauchy Principle yields the
result.

Theorem 10.1.7. LetnonemptyopenG R";and€2 G:Afunction f:G! R™ iscontinuous
at c2 G if and only if the local increment map  f. is a local map.

Proof. This follows immediately from De nition 4.4.1 and th e fact that if G is open and€2 G;
then "(€ G:

Theorem 10.1.8. Let nonin nitesimal &2 O" and suppose thata D2 "(0): Then ais
almost parallel to b:

Proof. Sincea2 O" and 0 6 a then there exists some nonzere 2 R" such thata2 "(€):
Consequently, B2 "(€): Further; st (kak); st(kbk) 6 0 and jkek k Dkj k € Tk) st(keak)) =
st (Kk): Hence, !

st(a) _ a _ st(d - ot o]

st(kek) ~  kek  st(kbk) Kbk

and the proof is complete.

Theorem 10.4.1. Let f:G ! R; where nonempty openG R" and standard v 2 G:
Suppose thaty = x;; 1 i n; fy is dened on G and continuous at v: Let Cy G; where
internal Cy is *-convex in the direction y: If for h 2 (0); such that p= (p;::5;pi; i Pn); 8=

fe) f(p)=fy(v)h+h:

Proof. Recall that for the hypothesized behavior off and f, the mean value theorem for
the partial derivative f, states that for any set Dy G convex in the direction y if ¢ =
(ug;iisuiiinun); W= (U iU+ ;i un) 2 Dy r 2 R then there existssin the line segment
with end points o; wsuch that f (w) f(t)= rfy(s): Thuss2 Dy andkt sk ko wk= jfj:
By *-transfer it follows that there exists some t 2 Cy such that t 2 Cy and kp tk | hj and
f( f(p = h fy(t):But;t p ~andthe continuity of fy at ¥ imply that fy(t) fy(v):
Thus there exists some 2 (0) such that fy(t)= fy(¥)+ : The result follows by substitution.

NOTES

[1] Theorem N.1. Two unit vectors; ¥; 42 R" have the property that v # if and only if
¥ d 1

Proof. First note that v; 42 O": For the necessity, assume thatv 4: Thenvy 42 "(0))
¥ ¥ 4 ¥=1 d v2 (0)) d° v 1) o v 1

For the converse assume thatv d 1 butthat v 6 4: Thus there exist06 + 2 R"

and 2 "®)suchthatv= d4++ + :Hencev d= d 4H+ ¢+ H+ H =
1++ H+ 4 l+7 H:

We now show that 16 0: We know that + d=(1=4)k d++ K>+k o * k?):
Assume that g 0)k d++k® k d *k™Nowwv= d++ + )k vk?=1
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k d++ k?) 2 k d++ kK°+k o + k®=2k tk>+2kr k?=2+2kr k*) 0 k + k;a
contradiction. Thus + 46 0) ¥ d6 1 The result follows from this contradiction.

[2] Let c:[a;b] ! R"™ be a continuous di erentiable curve with graph C and cXt) 6 0 for each
t 2 [a;b: Assume that uniformly continuqus F:E ! R"; open I; C: Then F(j(t9) ¥ =
F(o(t)) %+ jkvk ;2 (0)and  F(Ci(t)) i F(o(t)) ¥; where the
symbols have the same meaning as in the derivation for Appliation 8.2.1.

Proof. For an interior point of t 2 (a;b) we use the concept of uniform di erentiability and
the result [Stroyan and Luxemburg [1976:94-97] ] that for any t; 1; t; t that there exists
some~ 2 "(0) such that % = c(tj) oty 1) = cXt)(t; 4 1)+ jt tj 1j~: Assuming that
ctj) oty )=0) AN G D+t 4 oay =0) Ay G DL G a)+ 5 =
0)k Xt t )3t t 1)k = keXt)k =k k) st(kcXt)k) = keAt)k = st(k k) =0;
a contradiction. Thus % = c(tj) c(ti 1) 6 O: Now the same proof that appears inStroyan
and Luxemburg [1976:94-97] shows that this result also holds ift = a or t = b: Next observe
that (19 () = ctj)  c(t)  c(t); wheret 2 [a;b: Thus 5 (t9; c(t% 2 "(c(t)) E
and the uniform continuity of F ) F(;(t9) = F(c(t9Y) + ~j: Hence, F(j(t9 (¥ =kv k)
F(ctY) (w=kvk)+ 7 (M=kvk)= F(c(tY) (v=kvk)+ ; and the rst result follows.

For the secondF;esuIt follow the u]'a_yal method a]gd notice thatthere exists in pjtesimal
maxf jgand that j ;_; jkvykj | | ;- kvk) jz1 ikvk 2 (0) sincest( ;_; kvik)
length of the curve c:
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Special Symbols
(Alphabetically listed by rst symbol letter.)

Symbol::::::riririiniiiiniiniiii Name ifany coociiiiiiniiiiiiin Page no
Acciiiniiiiiiiiiiiiniiiininiiiin i b0
BHF :::::irciriiiiiiiiiiiiinii Basic Hyper nite

Subsets of N::::::iriiiiiiiiii30

DRRf(x)dX::::::::::::::::::::::DarbouxIntegral::::::::::::::::::125
ext(Q) ::::irriiriiiiiiiiiiiiiiin Exterior Subrectangles::iiiiiiiiiii 63, 132
F(B) :::ririiriniiiniinniiniinn Set Of All Finite

Subsets of B ::::iriiriiiiniiiiniin 31
H:ooooiroooiininiiniiiiniiiiniin i The Superstructure: soircrioiinini 17
Ho:oooorooninmnnininiininninioio Hyperstructure s ccrorninnniini 2l
int(A):::iirziiiiriiiniiniiiniintnterior Points in Aciriiiiiiiiiiii 50
inn(Q) ::::xxirziiiiiiiiniiniiiiilInner Subrectangles: tiiiiiiiiiiin 63, 132
Joiiriiiiriiiiiiiiiiiiiiiiiiiiiiiin Jordan-measurable set:iiiiiiiiiii42
L[S] :ocrricziiiiniiniiniiiniin o m-demensional

Element: ;i 47
L(F)cooooooonnonnnnnnnnnn oot 120
L(f;P ) :oorooornnrnnrinnnnyinysLower Sum: crrroriniiniinini120
L(R";B)::::iiiiriiiiiininiinii:Set Of L-gauges @ ::::iiiiiiniiiii 141
L( ):orvornnnnnnninininiiinns -ne Partitions ciirirriiriiiiiiii142
Ma:oooiiminiinnnininniniininiinntIn nitesimals
) ::zcoiiriiiiiiiiiiiiiiiiii i Deleted Monad
O):::zziizriiiininyinniiniinnnln nitesimals
(r)scoozoroosiininiiniiiiniiiiniizMonad about r s 12
(W)= "(W):iiiiiiiiiiiiiiiiiiiiiMonad aboutw coiiiiiiiiiiiiiiiiil3; 88
(0)" ::::iiiiiiiiiiiiiiiiiiiiiii:: Nonnegative

In nitesimals ::::::ioiiriiiiiiiiiii69
((1[eIe Ko () P I o1
M(X1 15105, Xp p) tiiiiiiiiiiiiiiir Magni cation Operator 1::::iiii:ii:72
Moriiiiiiiiiiiiiiiiiiiiiiiiiiioin Microguage:siiiiiiiiiiiiiiiiiiiin 75
N:oooooororonooonioniniiniooinos Natural Numbers coccoiioiiiiiiinn 10
Ny :iooiiiiiiiiiiiiiiiiiiininonis Innite Natural No.s qcqiiiiiii:::19
O::ririiriiiiniiniiiiniiiiniiiiniiiinnitesimals cioiiiiiiiiiiiiiiiiiill
O:iiiiriiriiriniiiiniininiiniioin Limited numbers cocrioriiiiiiiin 1l
OM::iiiiiiiiriziiiiiiiziiiiiiiiiiiLimited Vectors iiiiiiiiiiiiiiiii 13
of )irrirriiriiriniiiniiiiiiniisOrder Ideal soccrorriiiiiiiiiini 68
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(o) (RS SAS PSR S S 1
P ririiiiiiiniiiiniiniiiiniiiioiInternal Hyper-

polygonal Curve:::::::::i:ii:i:::::33
PW) ooy Power Setcrrorrnrnnnnnnnnnn 17
Pi(R):::iiriirziiriiiiiiniinniinri'th Projection cicrrooriirziiniiiii 18
Piirooriiiiniiniiiiniiiiniinini o i Hyper nite

Partition of [ a;; 3] :::::iriiriii35
P=P Ppiiriiiiiiiiiniin: Simple Fine Partition i::iiiiiiiii: 36
P orirriiriiriiiiiiiiiiiiiiiiiniins Gauge Partition siriiiiiiiiiiiiin 75
(Q P )iirirririiiiniiiiniiniiiin -ne partition coriiiiiiiiiiiiiini 75
(Qa;Pa)izririirisyinyiinyin i Micropartition w:criicriiziiiiiiin 75
Q:iiiiiiiiiiiiiiiiiiiiriiinony Intermediate Partition ccciiiiiiiii:120
Q:uiriiriiiiniiiiiiiniiiiniiiiiii Intermediate

Partition Map :::::icriiiiiiiiiiii122
R:::ioiriioiininnininiiniiiiniiiExtended reals occrooiiiiiiininn 10
R::oooiriioiininoininniniiiiniisiHyperreals cooccriiiininniinnn 10
R::oooriioiininnnninnnninStar-reals s 10
R* ::iiiiiiiriiiiiiiiiiiiiiiiii Positive Reals: tcciciririiiiiiini 10
R::ioiiiriniinyinniiniiniiiiiiiiiReal Numbers cocrocriiriiniinin 10
R O ::::iriimiiiiiiiiiiiiiiiiitinnite Hyperreals ciiiiciiiriiiiiill
Ry ::irioriiriiiiiniiiniiiiiiniinnite Hyperreals cicoiociiiniiiii 11
RM::iiiririsiiininiiiiiiiiiiiiiniEuclidean n-space:::iiiiiiiiiiiii 12
Soiiiiiiiiiiiiiiiiiiiiiiiiiiiiooiiiiiiiiiiiiiviiiiiiiiiiiiiiiiiniolo
R ::iiiiiiiiiiiiiiiiiiiiiiiiiiio Positive In nite

Hyperreals: ::::::iirriiiiiiiiiiii 26
S SRS S & (=101 1= 10| [ H MR 1
Rg:riroiinmnnniniiiniii Subrectangle: oooirirriiiiininiin 35
Rs:iiriririiriniininiininiiniiniiSubrectangles corrrnnrnnnnnnn 37
st():iirirririiiniiniiiiniiiiniiiStandard Part coccriiiiiiiiiiiiiiild
ST A S S S S I ¥ 4
SiriiiiniiiiniiniiiiiiiiiiiiiiiiiSubrectangleriiiiiiiiiiiiiiiiiiii 48
S(f;P; Q) ::rriirrirziiriiiiiiiiinyRiemann Sum:::ziirriiriiiiiiin 122
U:triororrnnnniniiiniiniinniBasic Universe: scsrsrnninn 17
U(f)oooororrnnnnnnnnnnn oot 120
U(f;P ) rrorrirrisiisniinyinissUpper Sume:ccsrrniiiniin i 120
(R O) /o1 [1] 1 [ -
D O S I Y 4
Z f(x) kPk:iiiiiiiiiiiiiiiiiiZeintegral coiiiiiiiiiiiiiiiiniinnn 121

(Non-alphabetical listing.)

criiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiinnitely Close i1l
k k::rroorooooonssiiiiiiiiiiiiirEuclidean Norm cocccoiniiiiiiin1l
@A::::iiiiiiiiiiiiiiiiiiiiiii:Boundard Points of Arciiiiiiiiii 55
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Due to a format change page
location is within 1.

Abel 6.

acceptable set of partitions 49.
additive 39.

additive; simply 37.

algebraists information for 15; 17.

algorithm 78.

almost parallel 91.
Apostal [1957] 35.
applications; simple 23.
Archimedean 10.
Archimedes 6.

Barwise [1977] 21.

basic:
element 47.
elementary integral 48.
hyper nite subsets 30.

laboratory experimentation 46.

region 39.
bound formula 29.
boundary subrectangles 62.
boundedness concept 46.
bounding method 23.

rede nition 24.

caloric 98.
Cauchy 6.
de nition for the integral 35.
Principle 88.
Cavalieri's 36.
Cesari [1956] 71.
compactness 32.
compactness theorem 21.

comprehend second order rates of change 98.

conduction; heat 98.
conductivity ; thermal 99.
consecutive points 84.

constant values extension fo 50.
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constant; use of 16.
constants:
elemental method of 64.
extended standard 23.
external 23.
internal 20.
internal 23.
method of 50.
self-evident method of 51.
unstarred 23.
use of 28.
continuity 32.
continuous distribution of matter 49.
continuous; uniformly 32.
convergence sequential 19.
convex in the direction 'y 99.
curvature; radius of 87.
curve 31.
tangent to 71.
curves hyperpolygonal 73.
Cutland [1986] 37.

d'Alembert 6.
d'Alembert - Euler 8.
D-world 14.
Darboux 35.
integral 35.
de I'Hospital 6; 26.
De Lillo [1982] 42.
de nition:
for Euclidean Spaces 11.
for in nite 11.
for in nitely close 11.
of hyper nite 31.
of in nitesimals 10.
of limited 11.
of monad 12.
deformable body rule 93.
deleted monad 77.

- ne partition 75.
derivative; n-dimensional 90.
di erentiable 90.

di erential 89.
di erential equation:
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method of maximum and minimum 95.
models 49.

dot notation; Newton's 81.

dynamical (loci) methods 78.

electron-positron lattice 95.
element:

basic 47.

hypertrapezoid 60.

in nitesimal 64.

surface 73.
elemental method of constants 6476.
elementary:

geometric 46.

prototype 47.

integral 48.
elements 48.

geometric 59 73.

m-dimensional 47.

method of 46 76.
energy expended 67.
entity 17.

extended 23.

internal 23.

-in nitesimal microscope 71.
equivalent maps 88.
Euclidean Spacesde nition ; 11.
Euclidean n-spaces 14.
Eudoxus [370 BC] 27.
Euler 6.
evident 44.

Example:
3.3.1. 19.
3.3.2. 19.
3.3.3. 19.
3.3.4. 20.
3.4.1. 22.
3.4.2. 22.
3.4.3. An argument 23.
4.2.1. 28.
4.2.2. 28.
4.2.3. 28.
4.2.4. 28.
4.3.1. 30.
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4.4.1.A. 33.

4.4.1.B. 33.

4.4.2. (Fractals) 33.

*-transfer 28.
extended:

entity 23.

relations 17.

standard 17.

standard constants 23.

of constant values 50.

the nite 50.
extensions of Jordan measures 39.
exterior subrectangles 62.
external constants 23.

ne 35.
partitions 33.
nite 30.
extension of 50.
summation 31.
rst-order:
-resolving power. 71.
ideals 69.
language 19 20.
ow lines; postulated properties of 44.
owing heat 98.
uid motion:
lines of 44.
tubes of 44.
uxions 78.
force 76.
formula; bounded 29.
foundations of in nitesimal modeling 78.
fractals and in nite length 33.
free variable 28.
function; limit of 77.

Galilean physics 80.

gauge integral 75.

Gauss 1827; Art 20 46.

geometric elements 5973.
for the curve 59.
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elementary 46.
surface element 73.
geometry 76.

H-integral 35.

heat conduction 98.

heat:
owing 98
guantity of 98.
speci ¢ 99.
uniformly conducting 98.

Henstock [1961] 75.

Herrmann 1980 46.
[1985] 35.
[1986] 21.
[1989] 33.

higher order increments omission of 81.

Hurd and Loeb [1985] 65.
hyper nite:

de nition 31.

partition 35.

subsets basic 30.

sum 31.
hyperline segments 73.
hyperparallelepiped 74.
hyperpolygonal curves 73.
hyperreals names for 10.

hyperrectangle truncated 63.

hypersurface 73.
hypertangent planes 73.
hypertrapezoid element 60.
hypertrapezoids 73.

ideal 6; 11.
maximal 15.
idealized behavior 58 76.
ideals order 68.
identity ; preserving 17.
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inconsistencies 6.
increment:
local 90.
nth order 70.
increments higher order 81.
individual 17.
internal 23.
indivisible 18; 36.
induction 20.
inertia; moment of 49.
in nite:
characterized 11.
de nition 11.
length; fractals 39.
magni cation operator 71.
magni cation ; of a in nitely small portion of
the uid 44.
numbers di erent from extended real num-
bers 26.
Sum Theorems 37.
in nitely close 49.
de nition 11.
of order n 69 71.
in nitely small 6.
in nitesimal:
approach pure 58.
elements physical 64.
max. and min. rule 48.
microscope 71
modeling; foundations 78.
parallelepiped 74.
reasoning 49 51.
in nitesimal:
rectangles 73.
in nitesimalizing procedure 49.
in nitesimals:
and local map 88.
de nition 10.
nonnegative 69.
inner subrectangles 62.
integral:
Cauchy's de nition 35.
elementary 48.
gauge 75.
line 66.
M 75.
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McShane 75.

Riemann-complete 75.

S 75.

surface 73.
intermediate partition 36.
internal 22.

constant names 20.

constants 23.

de nition principle 30.

entity 23.

individual 23.

objects and N-world modeling 30.

Jarnik; Kurzweil; Schwabik [1983] 75.

Jordan measures extended to 39.
Jordan-measurable 4247; 62.

k-plane 85.

(k + 1)-consecutive 84.
Keisler 8.

Kepler 6.

laboratory experimentation; basic 46.

lattice structure 95.

Leibniz 6; 8.

Leibniz Principle 21.
restated 23.

Leibniz [1701] 18.

length by ne partitions 33.
by limit of a sequence 33.

limit of a function 77.

limit theorems 19.

limited numbers de nition 11.

line Integral 66.

linear; locally 88.

lines of uid motion 44.

local:
increment 90.
map 48.
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locally linear 88.
locus 76.
Luxemburg [1962] 15.

m-dimensional elements 47.
M-integral 75.
Machover and Hirschfeld [1969] 15.
magni cation:
operator 71
in nite 44.
map:
equivalent 88.
local 88.
matter; continuous distribution of 49.
Mawhin [1985] 75.
max. and min. rule 48.
self-evident 49.
maximal ideal 15.
max. and min.; di erential equation method of
95.
Maxwell [1890] 44.
McShane [1973] 75.
McShane integral 75.
mean value 39.
metamethematically; the necessity of arguing
23.
method of constants 50.
elemental 76.
method of elements 76.
microconstruction 68.
microe ects 68.
microguage 68.
micropartition 75.
regular 75.
microscope in nitesimal 71.
modeling:
di erential equation 49.
in nitesimal 78.
internal objects 30.
N-world 30.
moment 78.
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moment of inertia 49.
monad:
de nition 12.
deleted 77.
monadic:
restrictions of physical processes 94.
second law of motion 92.
second law of motion alternative 101.
Morley's example 52.
[1942] 52.
motion 76.
motion of points 76.
moving objects 76.
moving points; tubes of 44.

nth di erence 70.
nth order ideal 69.
nth order increment 70.
n-dimensional derivative 90.
N-world 14.
N-world modeling and internal objects 30.
names internal constant 20.
natural numbers; properties of 20.
natural philosophy 76.
non-Archimedean 31.
non- nite 17.
nonnegative in nitesimals 69.
normal vector 73.
NSP-world 14.

behavior; rules for pure 42.

objective reality; both the in nitesimal and in-
nite 26.
objects, internal constant names 20.
observation; physical 76.
order ideal, nth 69.
order ideals 68.
order pair 16.
osculating:
k-circle 87.
k-plane 84.
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parallel; almost 91.
parallelepipeds 47.
in nitesimal 74.
partition 35.
- ne 75.
ne 33; 35.
hyper nite 35.
partitions ; acceptable set of 49.
Peano 20.
phenomenological approach 46.
philosophy; natural 76.
physical:
behavior; simplistic 46.
in nitesimal elements 64.
observation 76.
processesmonadic restrictions 94.
Planck 6.
and meaning of physical series 34.
plane; tangent 73.
point de nable quantities 50.
point-motion 76.
power set operator 17.
predicates in set builder notation 28.
preserves in nitesimals 88.
properties of standard part operator 14.
prototype; elementary 47.
pure:
in nitesimal approach 58.
NSP-world behavior 42.

guanti ers used in set builder notation 28.
guantity of heat 98.
guotient ring 15.

radius of curvature 87.
real numbers positive 10.
rectangle 35.

in nitesimal 73.
region; basic 39.
regular micropartition 75.
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relation; extended 17.
Riemann:

integral 35.

Stieltjes Integral 65.

styled sum 58.

sums 35.
Riemann-complete integral 75.
ring 11.
ring; quotient 15.
Robinson 8.

[1961] 10 26.

[1966] 15.
Robinson and Zakon [1969] 15.
rules 37.

for pure NSP-world behavior 42.

of correspondence 76.

S-integral 75.

second law of motion:
monadic 92.
monadic alternative 101.

second order rates of changeeomprehending 98.

segments hyperline 73.
self-evident 49.

max. and min. 49.

method of constants 51.
sequential convergence 19.
sets in nite 26.
simple:

behavior 58.

ne partition 35.
simplistic 76.

physical behavior 46.
simply additive 37.
sketching 46.
small; in nitely 6.
sovereign principle 18.
speci ¢ heat 99.
Spiegel 8.
Spivak [1965] 35.
* operator; properties of 17.
*-transfer; how two use 22.
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*-transfer; proving things by 22.
*-transfer 21.
st operator 14.
standard:

(unstarred) constants 23.

constants extended 23.

constants set of 20.

part operator; properties of 14.

part operator; using 25.
steady state 98.
Stroyan and Luxemburg [1976] 21.
Struik [1961] 84.
subrectangle 37.

boundary 62.
subrectangle:

exterior 62.

inner 62.
sum; hyper nite 31.
summation; nite 31.
sums Riemann styled 58.
supernear 38.
supernearness 38.
superstructure 17.
surface:

element 73.

integral 73.

73.

tangent points 75.
Swartz and Thomson [1988] 75.
symbol for a monad 12.
symbol for in nite natural numbers 19.
symbol for in nitely close 11.
symbol for limited 11.
symbol hyperreal 10.
symbol natural numbers 10.
symbol positive real numbers 10.
symbol real numbers 10.
symbols for in nitesimals 10.
Synge and Gri th [1959:

173] 49.

tangent:
plane 73.
points to the surface 71.
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to a curve 71.

vector to a curve 82.
temperature 99.
The Integral 36.
thermal conductivity 99.
truncated hyperrectangular solid 63.
tubes:

of uid motion 44.

of moving points 44.
types 15.

ultraproduct 21.
uniform:
rod 49.
conducts heat 98.
uniformly continuous 32.
unit normal vector to the curve 84.
unstarred constants 23.

variable; free 28.

vector:
normal 73.
tangent to a curve 82.
unit normal 84.

VR1 44.

VR2 44.

Weierstrass 6.
What if...? 25.
work 67.

Zeno 17.
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