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IMPORTANT NOTICE

Since the writing of this book was nanced entirely by a desighated grant from the Federal
Government that was speci cally obtained for this sole purpose then a copyright for this specic
book cannot be obtained by its author. Any portion of its contents can be copied and used without
seeking permissions from the author. Howevemwhen such copying or use is made of this materialt
is necessary that the author and the U. S. Naval Academy be initated as the source of the material
being used. All typographical error have NOT be corrected. Rrther note that certain new results
that appear in this book will be published under the author's name in scholarly journals.*

*This publication process is now being instituted with certain results published as of January
1992 accepted for publication or in preparation. Further; some typographical errors have been
corrected as of this 17 June 1997 version.
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Chapter 1.
INTRODUCTION

1.1 A Brief History.

Scientists who use mathematical analysis as a tool have trationally relied upon a vague process
called \in nitesimal reasoning" - a process that from the ti me of Archimedes until 1961 had no xed
rules nor consistent language. Howeverapplication of this intuitive process is the exact cause tha
has led to our great analytical successes both in scienti ¢c ad engineering endeavors. Unfortunately
it also led to great controversy.

Beginning in about 1600 a schism developed between some matimaticians and the foremost
appliers of this analytical tool. Leibniz approved entirely of the concept of the in nitely small or
in nitely large numbers but stated that they should be treat ed as \ideal" elements rather than real
numbers. He also believed that they should be governed by thesame laws that then controlled
the behavior of the ordinary numbers. He claimed but could not justify the assertion; that all
arguments involving such ideal numbers could be replaced bgrguing in terms of objects that are
large enough or small enough to make error as small as one with De I'Hospital [1715] when he
wrote the rst Calculus textbook used the terminology exclusively and utilized a formal \de nition
- axiom" process supposedly delineating the notion of the imitesimal. Unfortunately ; his rst
axiom is logically contradictory. D'Alembert insisted tha t the Leibniz concepts were without merit
and only a process using a modi ed \limit" idea was appropriate. Euler contended in opposition to
D'Alembert that the Leibniz approach was the best that could be achieved and fought diligently for
the acceptance of these ideal numbers.

Due to what appeared to be logical inconsistencies within tlke methods those mathematicians
trained in classical logic began to demand that applied matlematicians produce \proofs" of their
derivations. In answer to this criticism Kepler wrote; \We could obtain absolute and in all respects
perfect demonstrations from the books of Archimedes themkes were we not repelled by the thorny
reading thereof." The successes of these vague methods and those scientistdd anathematicians
such as Leibniz Euler and Gauss who championed their continued use quietedhie \unbelievers."
It should be noted that the concern of the critics was based upn the fact that they used the same
vague processes and terminology in their assumed rigorousethonstrations.

The major di culty was the fact that mathematicians had not a s yet developed a precise
language for general mathematical discoursenor had they even decided upon accepted de nitions
for such things as the real numbers. Within their discussios they conjoined terms such as \in nitely
small" with the term limit in the hopes of bringing some logical consistency to their discipline.

The situation changed abruptly in 1821. Cauchy, the foremost mathematician of this period
is believed by many to be the founder of the modern limit concpt that was eventually formalized
by Weierstrass in the 1870's. A reading of Cauchy's Cours d'Aalyse (Analyse Algbrique)[1821]
yields the fact; even to the causal observerthat he relied heavily upon this amalgamation of terms
and in numerous cases utilized in nitesimal reasoning entiely for his \rigorous" demonstrations. He
claimed to establish an important theorem using his methods a theorem that Abel [1826] showed by
a counterexample to be in error. No matter how mathematiciars of that time period described their
vague in nitesimal methods they failed to produce the appropriately altered theorem - a modi ed
theorem that is essential to Fourier and Generalize FourierAnalysis.

Beginning in about 187Q all of the language and methods of in nitesimal reasoning wee re-
placed in the mathematical textbooks by the somewhat nonintitive approximation methods we
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term the \ " approach. These previous di culties are the direct causesthat have led to the
modern use of axiom techniques and the great linguistic prasion exhibited throughout modern
mathematical literature.

However, scientists and engineers continued to use the old incorredn nitesimal terminology.
As an example Max Planck wrote in his books on theoretical mechanics that\a nite change in
Nature always occurs in a nite time; and hence resolves into a series of in nitely small changes
which occur in successive in nitely small intervals of time" He then attempts to instruct the student
in how to obtain mathematical models from this general desdption. Unfortunately ; at that time ;
such terms as \in nitely small" had no mathematical counter part.

In many textbooks that claim to bridge the gape between abstact analysis and applications
students often receive the impression that there is no constent and xed method to obtain applied
mathematical expressions and indeed it takes some very spet type of \intuition" that they do
not possess. In fact Spiegel in his present day textbook \Applied Di erential Eq uations" writes
the following when he discusses how certain partial di eremial equations should be \derived." He
states that rigorous methods should not be attempted by the tudent; but \it makes much more
sense however to use plausible reasoningintuition ; ingenuity; etc.; to obtain such equations and
then simply postulate the equations.”

In 1961; Abraham Robinson of Yale solved the in nitesimal problem of Leibniz and discovered
how to correct the concept of the in nitesimal. This has enabled us to return to the more intuitive
analytical approach of the originators of the Calculus. Kesler writes that this achievement \will
probably rank as one of the major mathematical advances of ¢htwentieth century." Robinson;
who from 1944 - 1954 developed much of the present superson&erofoil theory; suggested that
his discovery would be highly signi cant to the applied areas. Such applied applications began in
1966 but until 1981 were con ned to such areas as Brownian motion stochastic analysis ultralogic
cosmogoniesquantum eld theory and numerous other areas beyond the tradtional experience of
the student.

In 1980; while teaching basic Di erential Equations; this author was disturbed by the false
impression given by Spiegel in the above quotation relativeo the one dimensional wave equation.
It was suggested that | apply my background in these new in nitesimal methods and nd a more
acceptable approach. The approach discovered not only gigethe correct derivation for the n-
dimensional general wave equation but actually solves the '‘dlembert - Euler problem and gives a
xed derivation method to obtain the partial di erential eq uations for mechanics hydrodynamics
and the like. These rigorous derivation methods will bridgethe gape between a student's laboratory
and basic textbook descriptions for natural system behavio, and the formal analytical expressions
that mirror such behavior. Indeed; slightly more re ned procedures can even produce the relatiistic
alteration taught in modern physics. Moreover, pure nonstandard models are now being used to
investigate the properties of a substratum world that is believed to directly or indirectly e ort
our standard universe. These include pure nonstandard mods for the fractal behavior of a natural
system; nonstandard quantum elds; a necessary and purely nonstandard model for a cosmogony (or
pregeometry) that generates many di erent standard cosmobgies as well as automatically yielding
a theory of ultimate entities termed subpatrticles.

The major goal for writing this and subsequent manuals is to pesent to the faculty; and through
them to the student; these rigorous alterations to the old in nitesimal termino logy so that the student
can once again benet from the highly intuitive processes ofin nitesimal reasoning - so that they
can better grasp and understand exactly why in nitesimal models are or are not appropriate and
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when appropriate why they predict natural system behavior. Except for the basic calculus and the
more advanced areasthere are no textbooks nor any properly structured documenation available
which presents this material at the undergraduate level. Inmy opinion it will be 15 to 20 years; if
not much longer, before such material is available in the commercial market ad instructors properly
trained. An immediate solution to this problem will give you r students a substantial advantage over
their contemporaries at other institutions and place your institution in the forefront of what will
become a major worldwide trend in mathematical modeling.

1.2 Manual Construction.

The basic construction of these manuals will be considerapldi erent from the usual mathemat-
ical textbook. No proofs of any of the fundamental propositions will appear within the main body of
these manuals. Howeverall propositions that do not require certain special modelsto establish are
proved within the various appendices. A large amount of attetion is paid to the original intuitive
approaches as envisioned by the creators of the Calculus arldow these are modied in order to
achieve a rigorous mathematical theory.

Another di erence lies in the statements of the basic analyical de nitions. Many de nitions
are formulated in terms of the original in nitesimal concepts and not in terms of those classical
approximations developed after 1870. Each of these de nitins is shown again in an appropriate
appendix; to be equivalent to some well-known\ " expression. Moreover since these manuals are
intended for individuals who have a good grasp of either undgyraduate analysis or its application
to models of natural system behavior then when appropriate; each concept is extended immediately
to Euclidean n-spaces.

Nonstandard analysis is NOT a substitute for standard analysis it is a necessary rigorous ex-
tension. Correct and e cient in nitesimal modeling requir es knowledge of both standard and non-
standard concepts and procedures. Indeedthe nonstandard methods that are the most pro cient
utilize all of known theories within standard mathematics in order to obtain the basic properties of
these nonstandard extensions. It is the inner play betweenigh notions as the standard internal
and external objects that leads to a truly signi cant comprehension of how mathematical structures
correlate to patterns of natural system behavior. Our basicapproach employs simple techniques
relative to abstract model theory in order to take full advantage of all aspects of standard mathe-
matics. The introduction of these techniques is in accordane with this author's intent to present
the simplest and direct approach to this subject.

Since it is assumed that all readers of these manuals are welkrsed in undergraduate Calculus
then your author believes that is it unnecessary to follow the accepted ordering of a basic Calculus
course; but rather; he will; now and then; rearrange and add to the standard content. This will tend
to bring the most noteworthy aspects of in nitesimal modeling to your attention at the earliest pos-
sible moment. | have this special remark for the mathematican. These manuals are mostly intended
for those who apply mathematics to other disciplines. For tis reason many de nitions ; proofs and
discussions are presented in extended form. Many would notonmally appear in a mathematicians
book since they are common knowledge to his discipline. Someuld even be considered as \trivial."
Please be patient with my exposition.

It has taken 300 years to solve what has been termed \The proldm of Leibniz" and it should
not be assumed that the solution is easily grasped or readilybtained. You will experience some
startling new ideas and encounter procedures that may be faign to you. Hopefully; experience
intuition and knowledge are not immutable. It is my rm belie f that; though proper training; these
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three all important aspects of scienti ¢ progress can be expnded in order to reveal the true albeit
considerably di erent, mathematical world that underlies all aspects of rigorous scienti c modeling.
It has been hoped for many years that individuals who have a vat and intuitive understanding of
their respective disciplines would learn these concepts ahcorrectly apply them to enhance their

mathematical models. It is through your willingness to disard the older less productive and even
incorrect; modeling language that this goal will eventually be met.
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Chapter 2.

INFINITESIMALS ; LIMITED
AND INFINITE NUMBERS

2.1 Some Notation and De nitions.

When Robinson [1961] rst introduced his new concepts he used both abstract algebaic
and logic notions. A few years later for simplicity in exposition ; the basic algebraic ideas where
expanded and indeed many of these algebraic results appear here for the rst time Utilizing
some fundamental facts about algebraic structures the gemal properties of the in nitesimals can be
readily obtained. Your author has successfully used this aproach while instructing a series of 400
level courses. This algebraic approach is based upon but twassumed requirements requirements
that are established from fundamental set theory in a later ction. First; however, we need to recall
certain elementary de nitions and identify notation.

Throughout these manuals the symbolR denotes the real numbers which we assume is a com-
plete ordered eld.

(I) Assume that there exists another ordered eld R with the properties that R is a ordered
subeld of R (i.e. R's basic order and eld properties are those of R but restricted to members
of R) AND R6 R:

The set R is called by various names hyperreals ; star-reals or extended reals . Also let
the symbol N denote the natural numbers (including zero).

The ordered eld F is assumed to contain a copy of natural numbers (not-negatig integers) N
formed by adjoining to the additive identity (the zero of F) nite sums of the multiplicative identity
(the 1 of F). You can then simply considerN F ; in general. The conceptcomplete is discussed
in most elementary analysis books where it is almost alwaysh®wn that if F is a complete ordered
eld and r 2 F; then there exists somen 2 N such that jrj < n: This property for a eld is called
the Archimedean property for a eld. As will be shown ; an important and general algebraic result
states that whatever the hyperreals may be they cannot be Archimedean.

(I1) The second assumption is the following: assume that there exists some nonzero 2 R
such that for each positive r 2 R; it follows that

0< <r;

Historically ; it is unfortunate that abstract algebra was not investigated at a much earlier date
since much of the di culty Leibniz and Euler faced in having t he in nitesimals accepted as genuine
entities would have been erased.

Theorem 2.1.1. Assumption (II) holds for R if and only if R is not Archimedean.

What Theorem 2.1.1 means is that the more we know about ordem elds that are not
Archimedean the better. Of course such elds also are not complete. It is now possible to de-
ne explicitly the \in nitesimals." Note that we interpret  the logical symbol” as the word \and,"
the symbol 8 by any one of the expressions \for eachfor all; for every" and the symbol 9 by one
of the expressions \there exists somethere exists one there exists an." Since such logical notation
will become signi cant later in this manual we might as well practice its use as soon as possible. Let
R* denote the positive real numbers.

10
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De nition 2.1.1 (In nitesimals). Let (0)= fxj(x2 R)"8r(r2 R"!j xj<rg: Orin
words; (0) is the set of all hyperreal numbersx such that if r is a positive real number, then the
absolute value ofx is less thanr: The set (0) is called the set of INFINITESIMALS . In the
literature the set (0) is also denoted by the sysmboldM; and o:

De nition 2.1.2. (Limited). Let O =fxj(x2 R)"9r(r 2 R* "jxj<rg: Orinwords; O
is the set of all hyperreal numbersx such that there exists some positive real number such that
jXj <r: The set O is called the set of LIMITED numbers. Robinson rst called O the \ nite"
numbers and denoted them by the symbolM:

The term \limited" is relatively new in the literature and ma ny nonstandard analysts still
employ the term \ nite." When this is done ; there is some confusion when the term nite is used
in the ordinary since of set theory. The concept of limited can also be interpreted as meaning that
each of these hyperreal numbers is \limited by" or \bounded by" a real number. There are many
reasons why the term \bounded" would be confused with the sare term as employed in standard
analysis and for this reason is not used for the concept of lifted.

De nition 2.1.3. (In nite). The set R O = R; is the set of INFINITE hyperreal
numbers. Or in words, those hyperreal numbers that are not limited are the in nite. The in nite
numbers are also called the unlimited numbers.

| point out that the set of in nite numbers can also be characterized analytically as follows:
x 2 R is innite if and only if for every r 2 R*; jxj > r. This characterization is often very
useful. The next de nition relates the in nitesimals to the original concept of when two numbers
are \in nitely close." This is probably the most signi cant concept for in nitesimal modeling and
deserves attention.

De nition 2.1.4. (In nitely Close). Two hyperreal numbers x;y are INFINITELY
CLOSE if x y 2 (0): Or in words; if there di erence is an innitesimal. The symbol used
for in nitely close is

How do we extend these de nitions f0’5 the case of the Euclidea n-spaces,R" where we are
using the Euclidean normk(xyq;:::;xp)k =~ X%+ + X272

De nition 2.1.5. (Euclidean Extensions). In De nitions 2.1.1 and 2.1.2 substitute for the
absolute value symbolj j the norm symbol k k; as it would be de ned relative to R": Of course
we should also substitute the term \vector" or the symbol R" when appropriate.

In the next section; the basic algebraic properties for the in nitesimals, limited numbers etc.
are explored along with the relationships between the abovéwyperreal concepts and those of the
hyperreal n-spaces.
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2.2 Basic Algebra.

You should expect that the basic properties for the above dened entities will be presented
rapidly since the proofs only appear in the appendix. This ha& both advantages and disadvantages.
These properties are couched in terms of some very well-knowalgebraic structures and we need a
very brief refresher course relative to eld theory.

The ordered elds R; R have the weaker structural property of being aring. As far as
nonempty subsets of a eld F are concernedrings may be characterized as any nonemptyA
F that are closed under the operations of subtraction and muliplication. A ring is also closed
under addition; has a zero and additive inverses. Rings share with the eld iself the right and
left distributive laws ; and the usual associative and commutative properties usedni parentheses
manipulation. Rings can di er greatly from a eld in that the y need not contain an element that
has a multiplicative inverse. In the case thatF is ordered then rings; in general only share the
basic simple order property for the eld F when it is considered to be restricted to the ring. Our last
general ring concept it that of the \ideal." Let the ring < F . Then nonempty = < is anideal
of (or in) < if = is a subring (i.e. a ring with respect to the ring structure of < and a subset of<)
and for eachr 2 < and eachx 2 = it follows that xr 2 =: Thus an ideal \absorbs" the members of
< by multiplication. Before proceeding with our rst list of p roperties notice that the in nitesimals

0)=fxjx2 R”~x Og:

Theorem 2.2.1. The set of limited numbers, O; is a subring of R; R O and O is not a
eld; butif x20  (0);thenx 120.

Theorem 2.2.2. The in nitesimals; (0); form a subring of O and is in nite if and only if
there is some nonzero 2 (0) such that =1 =:

Theorem 2.2.3. The set of in nitesimals; (0); is an ideal of O:

The fact that (0) forms an ideal of O is very signi cant for the correct theory of in nitesimals.
Not only are the in nitesimals closed under nite addition a nd nite product ; but absorb; under
product; all of the real numbers. It's unfortunate that Leibniz and ot hers could not establish such
results rigorously since if they could have; undoubtedly much of the criticism of their concepts would
not have developed.

We now consider what happens when we take any real number anddd to it the in nitesimals.

De nition 2.2.1. (Monad). Let r 2 R. Then a MONAD OF (ABOUT) r is the set
(N=fxjx2 RM"(x r)2 (0)g=fxjx2 R~x rg:

Theorem 2.2.4. The binary relation is an equivalence relation on R:

Theorem 2.2.5. For eachx;y 2 R;
(OS] \S (y)=; ifand only if x 6 y;
(i) 0O= f (nNjr 2 Rg:

12
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Corollary 2.2.5.1. If x;y2 R; x<y; z 2 (x); w2 (y);thenz<w:
Corollary 2.25.2. If x;y2 (r); z2 R; x<z<y; thenz2 (r):

The important Theorem 2.2.5 can be expressed in words by statg that the set of monads
forms an ordered partition of the limited numbers. It is beginning to appear as if the in nitesimals
are indeed behaving in the manner rst envisioned by the fourlers of the in nitesimal calculus.
HOWEVER ; in at least one respect the monads as well as the set of limitedumbers do not share
an important real number property. From the previous discussion; R is known not to be complete.
But; are there signi cant sets that have upper bounds in R and do not have a least upper bound?

Theorem 2.2.6. Each monad and the set of limited numbers are bounded abovgesp. below;
but do not possess a least upper boundresp. greatest lower bound.

2.3 Euclidean n-spaces.

The following are additional propositions that extend someof the above results to Euclidean
n-spaces. Whenever possible the same notation is used andosid be understood from the context.
It should be obvious how the previous de nitions extend to Euclidean n-spaces.

Theorem 2.3.1. Foranyn2 N; n 1; the set of limited vectors in R" is equal to

n fﬁtors {
o"=0 o
Theorem 2.3.2. Foranyn 2 N; n 1; then monad of¥v=(x1;:::;%n) 2 R" is equal to
5 n factors {
()= (x1) (Xn):

Theorem 2.3.3. Foranyn2 N; n 1; and for eachv; w2 R";
N W\ S(w): ; ifand only if v6 w;
(i) O"= f (Wj¥v2 R"g:

2.4 The Standard Part Operator

In in nitesimal modeling ; various methods exist that allow us to investigate what migh be
termed as the micro-e ects that occur within a world called the Nonstandard Physical World; (i.e.
NSP-world) or Deductive World (i.e.D-world). When these micro-e ects are modeled by means
of the in nitesimals ; certain mathematical operators applied to such in nitesimals yield standard
mathematical objects that are often perceived to measure th correspondingnatural world (i.e.N-

world) e ects that govern phenomenological behavior. The next opeator is probably the most
signi cant of these standardizing processes.

13
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De nition 2.4.1. (Standard Part). Let x 2 O. De ne the function st: O! R as follows:
(i) let st(x) = r; wherer 2 R is the unique real number such thatx 2 (r):
(ii) The function st is often extended to all of R by letting st(x)=+ 1 ;whenx2 R O
andx> Oorst(x)= 1 ;whenx2 R O andx< 0: The map st is called the standard part
operator .

SinceR O then; as will be seen the range of st isR (i.e. st is a surjection.) Please note
the basic properties of the standard part operator are highl y important in elementary
in nitesimal analysis.

Theorem 2.4.1. Let x;y 2 0O. Then
(i) x yifandonly if st(x)= st(y);
(i) x st(x);
(i) if x 2 R; then st (x) = x;
(iv) if x y;thenst(x) st(y);
(v) if st(x) st(y); then eitherx yorx y2 (0)with unknown order.

Part (iii) of Theorem 2.4.1 is what implies that the range of st = R: The next theorem is
established from the basic de nitions and the fact that (0) is an ideal of O: The map st is purely
algebraic in character and its application is a remarkable ndication of how pure abstract algebra
can be utilized to obtain classical results. For algebraiss; these pure algebraic characterizations are
discussed following the next theorem.

Theorem 2.4.2. Let x;y 2 0O. Then
(i) st(x y)=st(x) st(y);
(ii) st (xy) = (st (x))(st(y)):
Corollary 2.4.2.1 Let x;y 2 0. Then
(i) if st(y) 6 0; then st (x=y) = st (x)=st(y):
(i) if y = "X; then st(y) = (st (x)) @=n): where it is always the case that ifx 2 O; then
x20.

Theorem 2.4.3. For v 2 O"; let st (v) = (st(xy);:::;st(Xn)): The set O" forms a vector
space with respect to the ringO (i.e. a module) and as such the mayst distributes over the vector
space algebra as well as the component de ned dot and far = 3 the cross product operators.

Notice that even though (0) is an ideal of O it is most de nitely only a subring of R:
Indeed;, products are somewhat inde nite. For examplg let 0 6 2 (0): Then 2 2 (0): But
( 2 R O ;while (1=)20 and 2(1=)2 (0):

[This is for the algebraist. The above theorems show that the mapping st is a ring epimorisim
with ker(st) =  (0).
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Theorem 2.4.4. The set (0) is a maximual ideal in O and the quotient ring O= (0) is
isomorphic to R:]

2.5 A Slight Quandary.

In 1961 when Robinson rst published his new theory it was restricted to subsets of R and
functions de ned on R: Shortly after this Luxemburg [1962] expanded upon Robinson's paper
but still retained the same general restrictions. It becameobvious that any extensive applications of
in nitesimal analysis to functional analysis would requir e an extension to other set-theoretic objects.
Robinson [1966] did just this but at a great expense to elementary exposition He used a purely
logical approach and the simpli ed theory of types. Indeed this author entered this eld in 1968
and rst used the type-theoretic approach. There is no doubt that the type-theoretic approach
is beyond almost all mathematicians and appliers of mathemtcs that have not had specialized
training. Machover and Hirschfeld [1969] introduced a simpli cation to the Robinson type-
theoretic approach by restricting their nonstandard analysis to set theory itself. Unfortunately; their
approach requires that individuals utilize two \set theori es" - a pseudoset theory and the standard
set theory. Your author wrote his doctoral dissertation in pseudoset theory. At approximately
the same time Robinson and Zakon [1969] published a paper that further simpli ed Robinson's
approach. They were able to show how set theory itself could & used for all the necessary formations
of nonstandard analysis and that pseudoset theory was no lager necessary. Since 1969 there have
been other attempts at simplifying the foundations of nonsiandard analysis but it is this author's
belief that they are not appropriate to those mathematicians who are not accustomed to special
logical procedures.

The quandary | face is that there are no other appropriate sinpli cations of Robinson's theory
except for the 1969 Robinson - Zakon approach. This approaclle nitely needs to be presented
within this basic manual so that you can encounter the full power of in nitesimal analysis. The
di culty is my wish not to present numerous de nitions and co nstructions from mathematical logic
in the next chapter; but; rather; actually to do some in nitesimal analysis immediately. There is a
procedure that does allow this if we postpone until a later clapter the reasons why this procedure
functions.

15
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Chapter 3.

SOME SET THEORY ; CONVERGENCE
AND LEIBNIZ'S PRINCIPLE

3.1 Some Set Theory.

Historically we have over 5000 years of standard mathematis available. It is certainly reason-
able to utilize all of this standard mathematics in the development of what has become know as
\nonstandard analysis". The term \nonstandard" should not be taken to mean that the properties
to be discussed are not relative to the known properties for tandard mathematics. Indeed the
opposite is the case. In the development of nonstandard ma#gmatics it has always been required
that nonstandard structures have all the same ordinary properties as the standard mathematical
structures. They are nonstandard in the sense that they haveadditional useful properties not pos-
sessed by the standard structures. The simpli cation procelures mentioned at the conclusion of
the last chapter have for the most part; eliminated certain model theoretic di culties associated
with Robinson's application of the simpli ed theory of type s. Depending upon the type of set-
theoretic entity used no special considerations need to beonsidered. Even though what is about to
be presented seems very straightforward and is easy to grasg should not be assumed that these
set-theoretic procedures hold in the exact form given for mee extensive set-theoretic processes that
are not speci cally mentioned. [Note: The formal set-theott used is found in Suppes [1960] .]

Why do we need to consider basic set theory at all? Are not the pperties of the in nitesimals;
limited and in nite numbers su cient for analysis? Didn'tL eibniz stress the calculus of the in nites-
imal and in nite numbers as the basis for analysis? Since matematicians investigate therelations
between individual objectsand our simpli cation is set-theoretical then basic set theory is required.
Indeed; even an order pair @; b) is set-theoretically de ned as (a;b) = ff a; bg; f agg:

Theorem 3.1.1. It is permissible to assume that

() if A R;then A R;
(i)if A R";thenA R";
i)if A (R") (R™M);thenA (R") (R™):

Notice that the subsets considered in Theorem 3.1.1 exhaustlmost all of the mathematical
objects studied in an ordinary course in undergraduate anajsis and much more. However at
present the notion of a \constant" in a formal mathematical language needs to be discussed. From
the viewpoint of a formal language it is assumed that every subset ofR; R" or (R") (R™M) s
associated with at least one constant symbol that \names" that subset. These constants are employed
in two contexts. First; as language constants and nothing morethen as names for mathematical
objects within our special set theory. Technically these ae two di erent usages which are not
usually mentioned in introductory texts. In in nitesimal a nalysis these technicalities are signi cant
however. In the next theorent the notation A also has two meanings. A is a constant symbol in
a mathematical language and in most cases represents a mathematical entity di erent from A:

Theorem 3.1.2. If A R [resp. R"; (R") (R™M)]; then there exists A R [resp.
R"; ( R") ( R™)] such that
i)A Aand
(i) A= Aifandonlyif A is nite.
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Thus Theorem 3.1.2. tells us that a collection of new sets ext - the \star-sets" - and obviously
we need a certain amount of new terminology in order to discus their properties e ectively. The
basic operators that de ne the ordered eld R may also be considered as subsets & R or R®:
Do we then consider these operators extended toR and thus \star" the operator such as writing
a + b;wherea;b2 R? If one wants to be technical about the matter, then the answer would be
yes. However in practice these speci c operators are not so denoted. On th contrary; one may
consider the *- eld operators as basic and thatR is de ned by restricting them to the set R: In all
cases the particular de ning eld operator is determinable from t he context.

In all that follows let U= R[ R"[ (R") (R™): Now a major consideration in the writing of
these manuals relates to mathematical rigor. Even though dlstated propositions are established in
the appendixes how explicit should the main text be when confronted with the basic construction of
a nonstandard model for analysis? Analysis of the fundameratl objects in U often requires collections
of members fromU that are themselves not members olJ: In order to satisfy the modern trend that
rejects pronouncements that are not at least super cially established a slight acquaintance with the
actual construction of the standard model for this analysisseems appropriate. It is de nitely not
essential that you have any in depth knowledge of the ne detds of the construction of this standard
structure. But; be assured that every standard set-theoretic object that wil ever be consider in this
analysis is a member of the standard structure.

For any set W in our set theory; let P(W) denote the set of all subsets of; where the operator
P is often called the power set operator. HenceA 2 P (W) if and only if A W: Starting with
R = X an object called asuperstructure is constgjcted by induction as follows: assume thatX

has been de ned forn 2 N: Thendeng Xn+1 = P( fXjj 1 ng: Then the standard structure -
the superstructure - isthe setH = fX,jn 2 Ng: Various properties relative to H are discussed
in Appendix 3.

De nition 3.1.1. (Individual ; Entity ; Star-Sets). Each member of R is called an

INDIVIDUAL ; while each setin H is called an ENTITY and for each entity A; the set A
is called anEXTENDED STANDARD set.

It turns out that for any W 2 H the set P(W) 2 H and there exists the set P(W). fWhat
appears between these two braces is a re nement for what appeed in this place originally. It clears
up a certain notational confusion. The star operator \* beh aves like a mapping fromP (W) into

P (W). As such; there is a slight confusion in symbols that \name" the images The usual notation
for the range would be (P (W)): The same notation holds forA 2 P (W); where (A) is the image
notation. In order to relate this notation to our original wh en \*" is considered as an mapping we
let A be a name for the image (A). Thatis (A)= A:g

The next few propositions reveal the fundamental behavior 6 * and the rst shows that * at
least preserves all nite set-theoretic operations.

Theorem 3.1.3. Unless otherwise stated all constants represent individuls or entities.
() a2 Aifandonlyif a2 A; Aé B ifandonlyif A6 B:
(i) A B ifandonlyif A B:
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(viy Let A;B U :Then (A[ B)= A[ B; (A\B)= A[ B; (A B)= A
B, (A B)= A B; ;=3
(vii)If A2 R;then A= A:

Recall that if R is any n-ary relation (n > 1); then the ith projection is the set Pj(R) =
fXij(X1;::5;%i;::;%Xn) 2 Rg; where 1 i n: AlsosinceR A" ifandonlyif R ( A)" then R
is any n-ary relation in ( A)" and the set-theoretic projections are de ned for R: If R is an binary
relation; then P; is called thedomain and P, the range of R:

Theorem 3.1.4. Let;& R A"; (n> 1)
@) Pi(R)= Pi( R):
(i) If R is a binary relation (i.,e. n=2);then R *=( R)

The next theorem presents two technical results and is staté here for completeness.

Theorem 3.1.5. Let A be an entity. Then
) f(x)jx2Ag= f(x;x)jx2 Ag:
(i) f(xy)jx2y2Ag=f(z;w)jz2w2 Ag:

Theorems 3.1.33.1.4 can be paraphrased by simply considering the * map to ba natural map
which appears to distribute over nite \everything."

[This is for the algebraist. The map * when restricted to P(W) is a homomorphism on the
Boolean algebraP (W): The map * is a monomorphism and it is a signi cant fact that it i s not an
epimorphism.]

3.2 Convergence.
Since the time of Zeno [350 BC] the concept of the non- nite ha been somewhat controversial.

In modern axiomatic set theory; except for considerations of consistengysuch controversies have
little meaning. However; in physical modeling, accepting the reality of the non- nite has numerous
philosophical rami cations. Unfortunately ; these manuals are not the appropriate form to discuss
these side issues. We have mentioned the concept from an iritive set-theoretic point of view and
this will su ce since in nitesimal analysis eliminates, to a great degree much of the more esoteric
and philosophic concerns that plagued early mathematical dscourse.

Leibniz [1701] discussed what he claimed to be a relation between his calaug of in nitesimal
and in nite numbers and the \method of Archimedes" (the so-called method of exhaustion). He of
course never established this claim and did not seem to use any de nlale approximation process such
as the \ :" He mentions such things as fractions with in nite humbers as denominators in nite
sequences and the like. In particulay Leibniz; de I'Hospital and even Cauchy speci cally required as
axiomized by de I'Hospital; that \a curved line be considered an in nite assemblage of staight line
segments each in nitely small." This concept should be disinguished from the completely di erent
idea of a curve as composed of an in nite number of pointswith no magnitude; - the indivisibles -
as put forth by Cavalieri [1635]. Leibniz also instituted a notion he called the \sovereign principle."
This principle served as his justi cation that the in nites imals and his in nite numbers obey the
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same rules as the ordinary real numbers. As will be seemany of these early ideas were not correct
from the rigorous view point and; moreover, Robinson's methods are very broad in context since
they may be applied to all standard mathematical structures not merely to R":

Even though such statements asa sequence converges to a real number \as n goes to in nity
or as n grows without bound or as n gets in nitely large"and other such intuitive expressions may
be eliminated entirely from our language of convergence anceplaced with statements involving the
behavior of extended standard functions that are property e ned on N; it is a misconception that
the formal limit de nition with its approximating techniqu es is no longer needed. From the view
point of mathematical modeling; nonstandard and standard analysis complement each other. fe
e ects that appear in the natural world are modeled by standard analysis. The limit approach;
with all of its approximation techniques; is often considered to be a natural world approximation for
events modeled within the NSP-world by nonstandard objects Our basic de nition for sequential
convergence is stated in a language that parallels some of lmiz thoughts; but; as established
in appendix 3 it is equivalent to the Bolzano-Weierstrass cocept. In all that follows, let N;
denote the in nite natural numbers.

De nition 3.2.1. (Sequential Convergence). Let the sequenceS:N ! R"; (n 1):
Then S converges tor 2 R" (notation S! ¥); if foreach 2 N;j it followsthat S() 2 (¥):
Thus S converges tor 2 R" if S maps all of the in nite natural numbers into a single monad (i.e.
S[N7 ] (7). Recall that the value S(n) of a sequence is often written asS:

Theorem 3.2.1. De nition 3.2.1 (i.,e. S! +)is equivalent to the limit de nition for conver-
gence of a sequence (i.dimp;;  S(n) = ¥).

The next result simply recasts de nition 3.2.1 in terms of the algebraic standard part operator.
However, this seemingly \trivial" fact yields immediately all of the basic \limit theorems" that tend
to be a rst stumbling block for the rst year calculus studen t.

Theorem 3.2.2. Let the sequenceS:N! R"; (n 1): Then S! +2 R" if and only if for
each 2 N;;st(S)=+#

Notice that when de nition 3.2.1 is stated without the symbo lism then it closely parallels the
conceptional process outlined by Leibniz. A sequence converges to a real number r if its
value for each in nite number is in nitely close to r: Thus Leibniz and others explained the
result that the sequenceS(n) = n 2 converges to 0 by asserting that if is an in nite number ; then

2 is an in nite number. This implies that 2 is an in nitesimal and thus  S() is in nitely close
to 0. (They did not use the * idea; however. And; when no confusion resultsthe * is often omitted
from the extended standard function notation.) Unfortunat ely; in order to apply such intuitive
procedures one must know how the *-function behaves. In the ext section; such an investigation is
initiated.

3.3 Constants and More Constants.

In section 3.2 it was pointed out that Leibniz believed that the in nitesim al and in nite numbers
\obey the same rules as the ordinary real numbers." It was neessary to develop abstract model
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theory before Leibniz's vague comment could be rigorouslyysti ed. As previously discussed every
object in < = U [P (U) is denoted by a \constant" symbol as is every object inH: When theorems
about the setU [P (U) are written in terms of these constants variables and the symbols and =; an
intuitive \ rst-order language" is often used. Indeed ; every theorem and de nition that appears in
this manual has been stated or can be reformulated in such a #nguage." Here are a few examples
of how these intuitive expressions appearwhere all the constants are assumed to represent members
of H:

Example 3.3.1. In our set theory you have the basic de nition for the union of two sets
A;B < : This might be expressed as follows: foreaclk 2<; x2 A[ B=C ifandonlyif x 2 A
or X 2 B: This can also be expressed in a formalized rst-order staterant as8x(x 2 <! (x 2
A[B=C$ (x2A)_(x2B)):

In the above rst-order statement; it is required that the variable symbol x be restricted to
members of<. The absolute requirement is that all quanti ed language vaables must be restricted
to speci c sets that are entities (i.e. to sets that are elemats of various X ) and that are represented
by constants within our language.Mostly; the variables may simply be restricted to the set<; with
certain exceptions mention in future chapters. However better comprehension is often produced
when the language variables are restricted to sets of immedte interest.

Example 3.3.2. Suppose that you have a sequence that is strictly increasingHow might this
be stated? For eachx and y if x;y 2 N and x <y; then S(x) < S(y):

Example 3.3.3. Since the usual operator and relation symbols have been retaed as constant
symbols it is a simple matter to give explicit functional statements. For eachn 2 N; S(n) = sin( n?):
Notice that the symbol n has now been used as a variable and that the symbol sin is a caast that
represents the sine function.

Obviously; in order to formulate properly these rst-order expressions it is essential that indi-
viduals gain facility with the basic language of mathematics. In particular; great precision must be
maintained in both written and oral mathematical exposition. This is also one of the goals of the
core mathematics program at the Academy.

Are there signi cant mathematical concepts that might not b e expressible by such rst-order
statements? Suppose you wanted to express the general copteof mathematical induction as put
forth by Peano - a concept considered to be one of the most basin all of mathematics. If Q is
any property which may or may not hold for the natural numbers; and if (1) the natural humber
0 satis es property Q and (2) whenever a natural number n satis es property Q; then n+1 has
property Q; then all natural numbers satisfy property Q. The di culty in expressing the induction
axiom lies in the requirement that we express the phrase \Q isany property."

There are two ways of expressing a property within a rst-order language. First a property
is expressed by other rst-order statements or secondly, itmay be claimed that a property can
be represented by a member oN™: In the rst case; we need a variable thaf at least; represents
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predicates in our language and this is not allowed in a rst-ader language. A third approach would
be to replace the single induction axiom by in nitely many axioms where each axiom refers to one
speci c property expressed by one specic rst-order expression. Unfortunately; it can be shown
that you would not obtain all of the possible properties by this process.

For the second set-theoretic caseit turns out that all of the possible properties for the natur al
numbers still cannot be obtained since we do not have a set inw slightly restricted set theory that
contains all of the objects that represent all of the properties that can be expressed by our rst-order
set-theoretic language. Further, using the basic language of set theory one can conceive of agmerty
determined by the predicate P(x) =\ ;  x;" where ; (the empty set) is the object that satis es
the set-theoretic expression: there exists a sex such that for all setsy; y 2 x: However, for set
theory to be consistent it must be assumed usually that if thee does exist something that satis es
this property; it is not to be called a set. Consequently one must be very sure that an informally
stated notion is indeed expressible by means of our simpligt rst-order language; even though it
may not be done within an informal discussion or argument.

Every object in H is denoted by a logical constant. Some of these constants aie the customary
formsuch asN; R; 2, 2; +; sin and all the very well-known symbols used in standard anajsis. As
an abbreviation; let C(H) denote the set all such constants. As previously indicatedin nonstandard
analysis the set H = f X,jn 2 Ngis constructed and it is assumed that each object in H is
denoted by a constant. The set of all such constants is denoteby C( H): In particular ; it follows
that <= U]J[ P(U) and each object in < is also denotable by a constant. (Note: (P (U))
is denoted by P (U) since the symbol P (U); in this form; is considered as one constant.) Now if
A 2 C(H); it denotes an object inH and the notation A is the constant that denotes the object
in H obtained by means of the * map. Also note that Theorems 3.1.2 and 3.1.3 indicate
that some members of H are denotable by both a starred and unstarred constant and
by a previous convention the basic eld operators de ned on R are not starred. In
these cases; we tend to use only the unstarred notation. Theorems 3.1.2 and 3.1.3 imply
that there are in nitely many members of H that are not named by starred members ofC(H):
But; nevertheless they do have constant names in an extended language

Example 3.3.4. We know that N; 6 ;: Moreover, N U implies that each member of N
is a member of < and < is a member of someX ,: We have used capital Greek letters as the names
for some of the members of N; : By the * process we only obtain the stars of the natural numbes,
where by convention we drop the *. Since the * process is onestone into H by Theorem 3.1.3
then no member of N; is the * of any of the constants in C(H):

3.4 The Leibniz' Principle of *-transfer.

Thus far it may not appear that the previous rules and conventions associated with in nitesimal
analysis yield a simpli cation. However; | invite you to compare the second chapter of Robinson's
1966 book with above procedures and judge for yourself. Butwhy do we need to consider these
specialized rst-order languages in the rst place? The reaon lies within certain very powerful
results from the subject area of mathematical logic. Theseudndamental propositions coupled with
our conventions lead to a completely correct formulation ofthe Leibniz Principle; which now becomes
a theorem. But; rst ; one nal procedure needs to be discussed prior to formalizig this highly useful
principle.
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De nition 3.4.1. (*-transfer). Let be an intuitive rst-order sentence writ-
ten with respect to the above rules and only containing consants from C(H) and
the basic set-theoretic binary operators 2; =; [; \; ; ; etc. Then is
the same sentence as except _every constant that appears in is now proceeded
by a *. In this process the conventions as to when the * may be dropped are also follogd.

The sentence is called the *transform of the sentence : The mathematical object H is
actually obtained by application of the compactness theoren for a formal rst-order language or by
an algebraic construction called the ultraproduct construction [Stroyan and Luxemburg [1976]]
and a process known as the Mostowski collaps®arwise [I1977] ; Herrmann [1986]]. The Leibniz
Principle is an immediate consequence of the fundamental deition of what it means to say that H
and H are the universes for rst-order models. You can learn aboutrst-order models by referring
to any good book in mathematical logic.

Theorem 3.4.1 (The Leibniz' Principle). A sentence holds true for members ofH if and
only if the sentence holds true for members of H:

What Theorem 3.4.1 says is that if we letK be the set of all of those specially written sentences
that hold true for members of H; then the members of H along with the basic set-theoretic operators
form a model for the set of all sentences obtained fronK by *-transfer. Probably much more
signi cant is the fact that in nitely many other statements not obtainable by *-transfer hold true
for members of H: Each member of H is called aninternal entity (or internal individual if it
is a member of R). Observe that an object A is internal if and only if there exists somep 2 N
such that A 2 X,: Consequently, the extended standard sets are internal entities; buf there are
many internal entities that are not extended standard sets and internal individuals that are not
individuals. Shortly the additional terms extended standardand internal are more fully exploited.
But; rst a few examples.

Example 3.4.1. Let S;; S, be two sequences. The de nition of the addition of two such
functions can be stated as follows: for everyx if x 2 N; then the function C = S; + S, if and
only if C(x) = Si(x) + Sz(x): The *transform becomes: for everyx if x 2 N; then the function

C= S+ Syifandonlyif C(x)= Si(X)+ Sz(x): Notice that such forms as C(x) mean that
the * is applied to the C only. Thus *- transfer extends to all of the ordinary de niti ons of this type.

Example 3.4.2. Let's look at a few of the parts of Theorem 3.1.3. (i) Using jus$ constants
themselves is legal. Thus ifa; A 2 C(H); and the expressiona 2 A holds for H; then the *-transform

then there is a constantC in C(H) that represents this set. Clearly; it is unnecessary to mention
continually that a symbol is a constant on one hand and a namedr an object in H on the other. The
context of a statement will usually serve to indicate a consants usage. This rst-order statement

is: foreveryx; x 2 Cifandonlyif x = A; _x= A, _ _ x= Ag: Thisis a collection of nitely
many symbols and is thus allowed. The *-transfer becomes: foevery x; x 2 C if and only if
x= A;_x= Ay _ _ x= Ag:[Note: translate _ by the word \or."]
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[Note: Our de ned operators +; ; j j; k k; etc. are usually considered but the *-transfer of
the operators (the nonstandard extension to R; R") as they are de ned onR and R":]

Example 3.4.3. An argument. *-transfer is certainly important ; but it is our ability to argue
by using statements that contain symbols that are not obtainable by *-transfer which is the key to
nonstandard analysis. Indeed as will be established there are three di erent categories of constant
mathematical symbols used in the following argument. Let 2 N N:[ 2 C( H) and there is no
symbolfor N N in C(H):] Since 2 N [itturns outthat N 2 H)]then foreachx 2 N; x< for
if not; then there exists somen 2 N such that 0< < n and for eachx 2 N; x 6 : However, we
also know that the setfxj0<x <n gis a nite set and thus each member is an element oN (even
under *-transfer by our conventions). This would yield a cortradiction. Now since R [R 2 C(H)] is
Archimedean then for eachr 2 R there exists somen 2 N such that jrj <n: Hence jrj < implies
that 2 N; : Therefore N N N;j : Since it is obvious that Nq N N then this implies
that N; = N N:

Theorem 3.4.2. The set of in nite natural numbers Ny = N N:

Mathematicians are so practiced in arguments such as illusated in example 3.4.3 that it is often
not realized that there are at least ve categories of constats as symbols being used. (1) There
are the standard (unstarred) constants that appear in C(H). (2) The extended standard
constants that appear in C( H): (3) The internal constants that appear in C( H) but are not
obtained by *-transfer. (4). Then external constants ; such asN; that represent mathematical
objects but do not t categories (1) (2) (3). Last; there are the constants the comprise that word
forms of the \metalanguage" that discusses and establishethings about the mathematical objects;
such as the phrase \there is not a symbol for." Theorem 3.1.2 ad part (vii) of Theorem 3.1.3
indicate the only instances where two categories - (1) and (2- overlap in the sense that there are
de nitely two distinct constants representing the same mathematical object. With respect to the
next de nition ; these basic facts about the usage of the constants - espediatheir correspondence
to various mathematical objects - should always be kept in mnd.

De nition 3.4.2. (Internal ; External.)  Any member of H will be termed; in general an
INTERNAL ENTITY or INTERNAL INDIVIDUAL . Any A Xp that IS NOT INTER-
NAL is termed an EXTERNAL ENTITY.

De nition 3.4.2 now allows for a somewhat better but equivalent statement of the Leibniz
Principle for objects such as<:

Theorem 3.4.3. (Leibniz Principle Restated). A sentence holds true for members of
< = U[P (V) if and only if the sentence holds true for the members of U or internal subsets
of U:

3.5 A Few Simple Applications.

Using in nitesimal procedures; there are simple and speci cally describable methods for der-
mining the limit of a sequence where Theorem 3.2.1 allows us to use the expression \limit o
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sequence" as an abbreviation for the phrase \real nhumber to Wich the a sequence converges." The
next applications amply illustrate the most signi cant of t hese procedures.

Application 3.5.1.  This is an example of the direct application of the algebraiproperties of
the in nite and in nitesimal numbers.

Let p2 N; p> 0 and assume that foreach & n 2 N; S, =(1=n)P: Then S! O:

Proof. Let 2 N N:Then (1=) 2 (0)impliesthat (1=) P 2 (0): Thus result follows from
De nition 3.2.1.

Application 3.5.2. A bounding method.
Leta2 R; 0<jaj< 1:ForeachO<n 2 N;let S, = a": Then S'!

Proof. By induction it is not di cult to show that if O

0:
(1 + nb): Let b=(15)a))

b2 R;then foreachn 2 N; (1+ b)"
1: Then b >0 andjaj=1=1+ b): Thus for n 2 N;
1 1 1
0< (ja)" = < —- > 0):
)™= @smn 1+mo - bn 70
Thus by *-transfer for eachn 2 N

0< (jaj)" < (1=h(n) *; (n> 0):
In particular ; foreach 2 N N;

0< (jaj) < (@=p() *“
The result now follows sincea 2 (0):

Application 3.5.3

A bounding method rede nition and the standard part operator.
letl1<a 2 R:ForeachO<n 2 N;letS, =(a)*™: ThenS! 1

Proof. De ne the sequenceQ, = a'™ 1, 0<n 2 N: Then

a=(1+ Qu)" =1+ nQ, + other positive terms;

where 0<n 2 N: Hencea>nQ,; 8n 2 N; (n> 0): By *transfer a>nQ,; 8n2 N (n> 0): In
particular;a> Q ;8 2 N N:Hence

8 2 N N;0< Q <a(l=) 2 (0):

Oimpliesthat st( Q )=0= st(S) st(l)=st(S)
follows from Theorem 3.2.2.

Thus Q! 1, 8 2 N N: The result

Application 3.5.4. A bounding method rede nition and the standard part operator.
LetSp, = "n; 812 N; (n> 0): ThenS! 1
Proof. Let Q, = S, 1= Pﬁ 1, 8n 2 N; (n> 0): Then

n=(1+ Qu)" (n(n 1)=2)Q7; 8n

2;
by the binomial expansion. Hence
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By *-transfer; r

0 Q il; 8 2 N N:

q_—_

But; Ll 2 (0); 8 2 N N impliesthat Q! 0; which implies that S! 1:

The bounding technigues and algebraic manipulations illugrated by above examples are actually
of the same type that were used originally with old style in nitesimal analysis to argue for these
results. As previously mentioned the standard part operata establishes the classical limit theorems
which; of course can be applied always. Howeverthe standard part operator can be applied directly
without referring to the limit theorem at all.

Application 3.5.5 Using the standard part operator.

Find the limit of the sequence S, = ((1 :n)lo)Pﬁ; n > 0: Let arbitrary 2 N N: Then
st (1=) = 0 implies that st ((1=) %) = 0: From application 3.5.4; st (() ¥ )=1:Thusst( S )=
0 1=0:Hence S! O

One of the most signi cance statements made by a researchersi\What if...?" The basic
propositions of in nitesimal analysis tend to lend themselves to many such \What if...?" type
guestions. Considey for example Theorem 3.2.2. One is prone to ask; whatiB 2 N1 ; st( S )2
O"? Or; what if there exists some 2 N; andst( S ) 20O"? We state a theorem that represents
an interesting result relative to the last \What if ...?" - ar esult established in appendix 3 solely by
means of the standard part operator.

Theorem 3.5.1. Let S:IN! R:If Sis an increasing[resp. decreasinyj sequence and there
exists some 2 N; suchthat S 20;thenS! st(S:)
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Chapter 4.

SOME MODELING WITH
THE INFINITE NUMBERS

4.1 Historical Confusion.

First; | point out that the in nite numbers are completely di erent from the idea of extending
the real numbers by adjoining the new objects1 to R and impressing upon these objects certain
topological and algebraic properties. This can be readily sown by considering the concept of when
limy,; =+ 1:Let R] denote the positive in nite hyperreal numbers.

De nition 4.1.1. ( S! +1). Let SIN! R:ThenS! +1 ifforeach 2 Ni; S() 2
R7 .

Theorem 4.1.1. De nition 4.1.1 is equivalent to the limit de nition for a se quenceS! +1 :
Theorem 4.1.1 indicates that the values of S are scattered throughout the setR7 :

Theorem 4.1.2. Letr2 R*: S:N! RandS! +1:Thenforeach 2 N; there exists
some 2 Nj suchthat S()+ r S() :

Thus the sequential property that S! +1 does not correspond to the idea that a sequence
might \converge" to an in nite number. Indeed ; we have not even mentioned the idea of a monad
about an in nite number even though it is possible to extend monad theory to cover such cases.
This is particular signi cant for applied modeling when the in nite series is discussed relative to the
sequence of partial sums each in nitely small.

Recall that except for modern times most mathematics was almst used exclusively for applied
physical or geometric modeling and was not consider as a stydof abstract entities. De I'Hospital
apparently believed in the objective reality of both the in nitesimal and in nite quantities as well
as the existence of sets that contained in nitely many membes. To him; they existed in the natural
world. When de I'Hospital wrote that it was a requirement that one must regard a curve as a
totality of an in nity of straight line segments ; each in nitely small: or \(which is the same) as a
polygon with an in nite number of sides,; each in nitely small ; which determine by the angle at which
they meet the curvature of the curve..." he apparently meant that all of these intuitively expressed
objects exist in reality. Leibniz did not approve of this int erpretation. Over and over again Leibniz
proclaimed that such objects as the in nitesimal or in nite numbers were \ideal" or imaginary. He
claimed that they are theoretically useful but that they did not correspond to real natural things.
Moreover, Leibniz apparently accepted the concept of a potentiallyin nite set as well ; rather than
the possibility of an objectively real in nite set of objects. Almost all of the ancient controversy as
to the reality of such notions apparently came about as a diret result of the basic philosophical and
theological predilections of the investigators. Their gerral philosophic belief systems were re ected
in both their scienti c and mathematical views.

With respect to the physical possibility of there being objectively real objects that are charac-
terized by in nitesimals or even in nite numbers ; Robinson has replace these abstruse philosophical
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considerations with the following observation. In the rst fundamental paper delineating his theory,
he wrote: \For phenomena on a di erent scale such as are considered in Modern Physigsthe di-
mensions of a particle may not be observable directly. Accdingly; the question whether or not a
scale of non-standard analysis is appropriate to the physat world really amounts to asking whether
or not such a system provides a better explanation of certainbservable phenomena than the stan-
dard system of real numbers. The possibility that this is thecase should be borne in mind."[Fine
Hall; Princeton University] Robinson [1961]

As previously mentioned Zeno proposed his famous physicalgpadox of Achilles' and the Tor-
toise in their never ending (potentially in nite time) foot race. It is claimed, that this paradox is
resolved by modern mathematics through application of the n nite series. Such a series can suppos-
edly model this physical foot race - a statement that is obviasly false. Such a series would require
the non-mythlogical object; the Tortoise; and the mythological Archilles to have variable \sandal"
sizes - sizes that decreased to the point of being unmeasurgtsmall.

De I'Hospital accepted a curve as being identi ably the sameas a polygon with a xed in nite
number of line segments comprising its sides. On the other hal; Eudoxus [370 BC] devised the
method of exhaustion which assumes the true existence of a ite sequence of inscribed and cir-
cumscribed polygons. In generalfor a closed non-polygonal curve none of these Eudoxus polggs
were considered to be the curve under investigation; butrather; by the \continuity process" they
would continually squeeze the curve between these two typesf polygons and \exhaust" the space in
between. By this process the length of a curved segment was eeived of as an intuitive sequence
composed of portions of the polygon's perimeters. Thus deVeped the idea of a partial sum that
represented the sum of the lengths of the sides of an n-gon - anite sum that remained nite but
acquired more and more terms. Those that employed this methd often guessed at a speci ¢ formula
then justi ed their guess by indirect and not direct argument. In modern times; Planck described
the accepted procedure for modeling the behavior of a natudasystem when he wrote that: \a nite
change in Nature always occurs in a nite time and hence resolves into a seriesf in nitely small
changes which occur in successive in nitely small interva of time." What might the term \series"
mean in Planck's statement?

Leaving aside the ontological question associated with thenotion of the in nite ; it will be
demonstrated that Robinson's theory of the in nitesimal and in nite hyperreal nhumbers brings a
concrete and rigorous language to the above vague methods physical and geometric modeling.
Unfortunately ; in doing sg many of these previous ideas will require modi cation.

4.2. The Internal De nition Principle.

Clearly there is a need to acquire a better understanding oflte relationship between the concepts
of the in nite series; the sequence of partial sumsthe internal process of partial summing with its
arithmetic and the notion expounded by Planck. But; prior to examining these concepts yet another
technical procedure needs to be discussed.

In de nition 3.4.1 ; our rst-order language was extended to include the basic detheoretic binary
operators. As explained in the Appendix to Chapter 3 immediaely after the proof of Theorem
3.1.3 our rst-order language may also include the symbol (;:::; ) for n-tuple formation where
the coordinates are either variables or constants. Under #ransfer these operators and the n-tuple
formation symbol are not starred in any that has been properly formulated with the variables
restricted to entities in H:

Example 4.2.1. Assume that you are given some relationR; a nonempty set A and the
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next statement. For each x if x 2 P (U); then (x;A) 2 R and x  A: Or; as a formal statement
8x(x2P(U)! (x;A)2 R”x A): Then the *-transfer would read: For eachx if x 2 P(U); then
(x; A)2 Randx A

Please note that we needed to star the symboP (U). This would also be the case if a variable
appeared where theU appears.

When a collection C of mathematical expressions are written they include \mathematical"
variables and constants. Within our standard set theory the constants represent individuals or
entities. From the view point of the mathematical structure; the entities represent such things as
basic sets operators, relations; speci ¢ n-tuples and other de nable objects. In general the variables
either vary over every member of some set or represent some @munknown element. It is common
practice for mathematicians to use di erent variable symbads to represent elements of distinct sets
or distinct positions in n-tuples and the like. Within C certain of these variables may also be
\quanti ed." What this means is that if v is one of the variables inC; than there also appears in
C in the customary location the phrase \for all v" (i.e. 8v) or \there exists somev" (i.e. 9v). Any
variable in C that is not associated with some quanti er is termed afree variable. Now in formal
logic the concept of the free and quanti er bounded variablemust be more carefully described since
formally the same variable can appear both in a free and not fee position. Since we are trying to
be as non-technical as possible and since it is customary tose many di erent variable symbols in
mathematical prose this somewhat vague free variable de nition should su ce. Ifit still is confusing;
then most elementary logic books have a more formal presenti@n.

Example 4.2.2. When the de nition of continuity is expressed one usually states the following:
The function f:A! R is continuous atp2 A if foreach 2 R* there exists some 2 R* such that
whenever0 j x pj< andx 2 A;then0 j f(x) f(p)j< : Thesymbolsf; A; R; R*; p; ;|;
; <; 0 are all considered as constants. The symbols ; x are variables. This entire de nition
may be formally expressed by = 8x(x 2 R* !9 y(y 2 R* *"8z(z2 A*0 jz pi< !
it fi< )):

Suppose that you are interested in the subset ofA in example 4.2.2 that comprises all of the
points of continuity. In this case; the constant p is considered a variable and one writes such a set as
fpjp2 A~ ( p)g: Built into our set builder notation is the quanti er 8:\The set of all p2 A such
that ( p) holds true." The expression ( p) is now considered a formula in one variabley: Note that
p is a free variable. Of course these set builder formulas should present no di culties since these
language constructions are the ordinary and customary onessed by the mathematical community.
Two more examples should su ciently illustrate this easily grasped relation between our rst-order
language and common mathematical usage.

Example 4.2.3. Most of the time when we write mathematical formula in variables they are
considered as free. Such an expression gs= 3x has been de ned for many di erent structures.
Even though to obtain the graph of such an expression one nesdo know the domain and codomain
this is not necessary until the structure itself is consideed. Thus the graph may be thef (x;y)jx 2
[0;3] R”y2 R”y=3xg: On the other hand; we might also havef (x;y)jx 2 R’*y 2 R’*y = 3xg:
Thus y = 3x is a mathematical formula; ( x;y); in two variables with a constant 3 and a constant
operator (multiplication) that can be used to generate many di erent sets in our set theory.
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Formulas that appear in set builder notation can also contan quanti ers as the next example
indicates.

Example 4.2.4. Letthe setsA;B 2 X, and let BA denote the set of all functions with domain
A and codomainB: Then B” 2 X ;.3 : One might want to consider a special subset oB” de ned by
fxjx 2 BA and there exists y 2 A such that x (y) > 3g (i.e. fxjx 2 BA ~9y(y 2 A" x(y) > 3qg) or
fxjx 2 BAM9y9z(y 2 ANz 2 B~ (y;z) 2 x” z > 30): This set exists by the axiom of comprehension
and every though the de ning expression contains more than oe variable, all but the x are bounded
by a quanti er that appears immediately to the left.

The basic reason for discussing and presenting these simpgamples lies in two most interesting
results that allow for the set-theoretic generation of all extended standard or internal sets and n-ary
relations by means of such set builder formulas. Of coursen-ary relations are sets but are singled
out speci cally due to their obvious usefulness. Recall tha C(H) denotes the set of all constants
that signify members of the setH while C( H) the names for members of H: A formula in our
rst-order language is called standard [resp. internallbound if each quanti ed variable is restricted
to an object represented by a constant inC(H) [resp. C( H)]. What this means is that, for a H
[resp. H] interpretation of the formula, each bounded variable mustbe interpretation as varying
over a set contained inH [resp. H]. The formula in Example 4.2.2 is bound. A formula like
8x9y(x 2 y) is not bound.

Theorem 4.2.1. (The Extended Standard De nition Principle )
(i) A set A in our set theory is an extended standard set (i.e. there exis someB 2 C(H)
such that A = B) if and only if there exists some standard setD and a standard bound formula
( x) in one free variable where each constant in( x) is a member ofC(H) and

A=fxjx2 D™ (x)g

(i) A set A is an extended standard n-ary relation @ > 1) if and only if there exist n

Theorem 4.2.2. (The Internal De nition Principle)
(i) A set A in our set theory is an internal set if and only if there exists some internal set
D and a internal bound formula ( x) in one free variable where each constant in( x) is a member
of C( H) and
A=fxjx2D" ( x)g

(i) A set A is an internal n-ary relation (n > 1) if and only if there exist n internal sets
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Internal objects are basic to nonstandard analysis since its only internal properties that hold
for the model H: As far as physical modeling is concernednternal objects represent NSP-
world e ects that directly or indirectly yield the observed natural world behavior being
modeled approximately by a standard mathematical structur e.

4.3. Hyper nite Summation.

In example 4.2.4 the set-theoretic notationB” is utilized to denote the set of all functions with
domain A and codomainB. As previously mentioned there are procedures that requireobjects in
H that may not be members of<: Assume that A; B are sets of subsets and\; B 2 X,: Now let
the setsA2A; B2B:ThenA;B 2 Xp 1; (p 2); Al B Xo[ Xp 2 impliesthat A[ B 2 X, 1
and if a2 A; b2 B; then fag;fa;bg 2 X, 1: Hence @;b) 2 X,: Thus if f 2 BA; then f 2 X1 ¢
Indeed A B 2 Xp+1 : Thereforg BA 2 Xp+2 : It is possible to consider the formation of each set
BA as an operatorF (x;y) where x 2 A and y 2 B: The *-transfer process can be extended to this
operator in the same manner as is done withthg ; \'; ; ; (;:::; ) operators in the sense that
is it not starred when written entirely in variable form. For speci c members ofC( H);if D 2 A
andE 2 B;then F(D;E)2 Xy and F(D;E) is the internal set of all internal functions with
domain D and codomainE: This last fact comes from the *-transfer of a general charaatrization
for the set-theoretic concept ofxY:

Example 4.3.1. Let p 2 N: Then the set fxjx 2 N0 X pg = [0;p]
is an internal subset of N: Notice that the symbol [0;p] can be used as an abbreviation
for this set's dening property (i.e. X 2 [0;p] if and only if x 2 N~ O X
p) which can be restated in an appropriate rst-order expresson and substituted for the
notation [0;p]: With this in mind it is clearly possible to now consider p as a variable.

Hence it follows that BHF = fyjy2 P(N)"9p(p2 N*y=][0;p])gis an internal (indeed,
an extended standard set) of subsets ofN: The set BHF is called the set of allbasic hyper nite
subsets of N:

A nonempty A B is nite if there exists somen 2 N and a function f:[0O;n] ! B such
that the range of f (i.e. P»(f)) = A: The intuitive idea of a nite set appears to be equivalent
to this functional de nition if you are willing to accept suc h things as the \ nite" axiom of choice
and elementary procedures of recognition. The intuitive icea of the nite is based upon the human
recognition of a distinction between symbols written on pager as they are considered geometric forms
and consequently it is related to the most basic aspects of cwrete geometry. It is this accepted
recognition of the di erences between geometric forms thatthan allows one to give a concrete
meaning to a correspondence between these forms amd One does not really establish that such a
correspondence exists but its existence is accepted as past the metamathematical methods.

Theorem 3.1.4 states that for any standard functionf; (Pi(f)) = P;(f); i = 1;2: The
projections P; can be considered as maps from the set of all nonempty subsets A A, into
the setsA;; where 1 i n: A modi cation of proof of Theorem 3.1.4 yields

Theorem 4.3.1. Letn > 1: Then for each internal R Al Ap andforeachi; 1 i n

it follows that P;(R) = P;(R); where P;(R) is an internal subset of A;:
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De nition 4.3.1 (Hyper nite). An internal subset A of a set B is hypernite if it is
empty or there exists some [Qp] 2 BHF andf 2 F([0;p]; B) such that P,(f) = A:

Theorem 4.3.2. Let F(B) be the set of all nite subsets of B. Then nonempty A B is
hyper nite if and only if A 2 ( F)(B)); whereF is considered as an operator that generates all of
the nite subsets of a set.

Theorem 4.3.3. Any nonempty nite set of internal individuals or entities i s internal and
hyper nite.

With respect to De nition 4.3.1 the maps in each F ([0;p]; B) are internal and behave like
internal (partial) sequences. The ordinary nite manipulation we do with nite sets of real numbers
can be extended to the hyperreals by means of *-transfer andybdescribing these processes by means
of (partial) sequences de ned on various [Qp]: As far as the NSP-world is concerned hyper nite sets
have all the same set-theoretic rst-order properties as the nite sets and we do not usually establish
these basic hyper nite properties each time they are rst employed. Thus; not only is the union of
nitely many hyper nite subsets of a set B a hyper nite subset of B but the union of a hyper nite
collection of hyper nite subsets of B is a hyper nite subset of B: However, from the external or
metamathematical point of view most hyper nite sets are not nite as the next result indicates.

Theorem 4.3.4. Let A 2 < and assume thatA is in nite. Then there exists a hyper nite set
F suchthatF 6 A, F 6 AandA F A:

It is precisely the concept of the hyper nite that leads not only to a clear understanding of the
processes that underlie a convergent in nite seriesbut also leads to the basic notion of the integral
and Planck's meaning of the term \series."

Finite summation of elements of R can be consider a function de ned on f R?"ljn 2 Ng with
values inR and a corre%ponding function for the nite summation of members of R": It B customary
to express the values as |, Bt By *-transfer if _ 2 Nj ; then the hyper nite sum i@ 2 R:
By convention; the symbol iz IS written as ,_, : It is a simple matter to translate De nition

3.2.1 for sequential convergence into the following theora for convergence of a in nite series.

P
Theorem 4,3.5. An in nite series; il:o a;; converges tor 2 R if and only if foreach 2 N;
it follows that ,_, a 2 (r):

My experience indicates that Theorem 4.3.5 is not the most peamount application of the
concept of hyper nite summation for either physical or geometric modeling and; indeed does not
correspond to Planck's description for a series of in nitely small changes. In the next section
examples are discussed that substantially indicate the tre character of this concept when applied
to geometry or natural system behavior.
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4.4. Continuity and a Few Examples.

De I'Hospital's concept of what constitutes a curve is not satisfactory for Robinson's theory.
Recall that one acceptable analytical de nition for the notion of a curve in R" is the following: a
curve is a continuous mapc:[0;1]! R": This is equivalent to considering c as determined by n

continuous coordinate functionsx; = fi(t); 1 i n each dened on [Q1] R: Of course the
geometric curve C determined by these functions is usually considered as thees f (x1;:::; Xn)jt 2
[0; 1]g: The *-transform of these de ning functions leads to the fundions x; = fi(t); 1 i neach

de ned on [0;1] R and they generate the \hypercurve" C R": The analytic geometry of

R" is similar to the customary geometry except that it must be considered non-Archimedean in
character. From the viewpoint of the geometry of the NSP-wold; if the C is not linear; then C
is not linear and this would entail a necessary rejection de'Hospital's in nitesimal description. As
to the de nition of continuity the following captures the en visioned belief that continuous functions
preserve the in nitely close.

De nition 4.4.1. (Continuity). For any nonzeron;m 2 N and any nonempty A R" a
function f:A ! R™ is CONTINUOUS atp2 Aif f[ (p)\ A] (f (p)): Also; f would be
UNIFORMLY CONTINUOUS on A if for eachp;q2 A suchthatp q;then f(p) f(q):

Observe that uniform continuity seems to preserve the in nitely close in the most satisfactory
manner. One the other hand pointwise continuity is a monad preserving property.

Theorem 4.4.1. De nition 4.4.1 for continuity and uniform continuity is eq uivalent to the
classical de nition.

One of the most powerful ideas in elementary analysis is thabf the compact subset [or subspace
if you wish] of the space R": Rather than dwell upon the many equivalent standard de niti ons
for this notion a direct nonstandard assault is very enlightening since it reveals immediately the
relationship between compactness and continuity as well asn intuitive comprehension of what is
being compressed or compacted.

De nition 4.4.2. éCompactness). For any nonzeron 2 N a nonempty set A R" is
COMPACT if A f (r)jr 2 Ag:

Theorem 4.4.2.  De nition 4.4.2 for compactness is equivalent to the standad de nition
utilizing open covers.

The reason that some 17'th century geometers considered nedinear curves to be collections
of in nitesimal line segments was in their desire to use in nitesimal analysis to measure a curves
length by corresponding this measure to the polygons of Eudas. Even though de I'Hospital's
original description is inadequate a modi cation does secure the accepted analytical results.

Example 4.4.1.A. Let 2 Nj:ThenF = ftjti=i= ~0 i g is an internal and hy-
per nite subset of [0; 1]: By *-transfer, F behaves like an ordered partition of the interval [Q 1] as
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de ned in the standard sense. Such a set is termed ane partition  (i.e. hyper nitely many mem-
bers of [Q 1] generating subintervals that are in nitesimal in length). The internal set F generates

the internal set of \points" P = f( f.(tj);:::; fn(t)))jti 2 Fg that are members of the hypercurve
C: Now for eachi =0;:::; 1; and eachj; 0 | nlet fj(ti+c) f5(t) = d(i): (If cis
continuous; then eachd(j;i) 2 (0):) For eachi 2 N such that 0 i 1; the internal set
= f(xgiinXe)i8i 2 N; O jonp x; = fj(t)+ t(d(;i)) At 2 [0;1]gis a hyperline segment
connecting the two points ( f1(t;);:::; fn(ti)); ( fl(tiﬂ%; 2oty fa(tivr)) on the curve C: From
this one obtains the internal hyperpolygonal curveP = f7j0 i 1g: As to the length of
P simply extend the concept of length in the classical sense bge ning for each i =0;:::; 1

the vector % = (d(1;i);:::;d(n;i)) 2 R": Then let the hyper nite sum i:Ol kvk=jP j2 R:
Even though; in general you would have a di erent hyperpolygon with a di erent hyper real length
for 8 2 N; Robinson [1966; 84-86] showed that if ¢ is continuously di erentiable ; then for all

2 Ni; jP j2 (r) and the real numberr was the length of the curve obtained in the classical
sense by means of the integral.

Example 4.4.1.B. Under the same criterion as stated in example 4.4.1.A that is continuously
di erentiable ; the length of a curve is actually closer to the limit concept then it is to the de I'Hospital
description. This is seen by simply following the same procgs but replacing with an arbitrary
nonzeron 2 N: As n increases this yields an increasing sequeng®,j: Application of Theorem 3.5.1
implies that if there exists but one 2 N; such that j P j2 O; then from example 4.4.1.A this
sequences converges tst (j P j) and has the same standard part for all 2 Nj :

The process used to obtain the length of a curve in example 4.4.A shows that for most
ordinary curves there are in nity many hyperpolygons that h ave the same standard part generated
length. Thus each can be used as a NSP-world representativeif the curve itself;, at least as far
as length is concerned. The fact that there does nqtin general exist a unique hyperpolygon is a
disadvantage from the viewpoint of the founders of the in nitesimal method and forces a rejection
of the de I'Hospital description. However, if in the natural world a curve is envisioned to be a path
of motion produced by physical processesthen the lack of uniqueness could be a advantage. Under
this interpretation ; it would indicate that di erent and possibly interesting NS P-world ultranatural
processes yield the same e ect when they are restricted to # natural world.

There has arisen recently a signi cant application of the seming esoteric idea that there may
exist a multitude of distinct NSP-e ects that yield the same natural world e ects. Next is an example
of how this might occur.

Example 4.4.2. (Fractals)  Science has become interested in order and design as re edte
in what has become known as \fractal" behavior. For this exanple; let c:[0;1]! R" be a curve;
but; assume that the sequence of polygon approximationgP;j; discussed in example 4.4.1.B has
the property that jP;j ! +1 : This is apparently one of the salient features of a fractal cove.
In Herrmann [1989] it is shown that for any nonempty compact K R and for any continuous
c.K ! R" there exists an internal G: K ! R" such that G is *- di erentiable of any order
m 2 N; G has a well-de ned hyperreal length andst (G) = c: From the viewpoint of the NSP-
world of processes and paths of motionthis G represents the same e ects as does the function
except that G has an associated length concept and is ultrasmooth. Moreayv; the internal object

33



In nitesimal Modeling, Part |

G is somewhat less arbitrary in character than are those in exanple 4.4.1 since it is selectable from
a speci c algebra of functions. This may be signi cant since when it has been rigorously shown
that certain physical attributes are representable by fradal curves then the theory that models such
physical attributes is usually associated with some specic algebra of functions. Thus a standard
fractal curve may be replaced by the standard part of an ultresmooth curve with a well-de ned

length.

The idea of hyper nite summation as representing the geomatic length of a curve is of course
closely associated with the elementary integral. Indeedwhen we quoted Planck's fundamental de-
scription for physical modeling a question was askedWhat might the term “series' mean in Planck's
statement?" Apparently ; what Planck meant by this term is the type of hyper nite summa tion that ;
as seen in the next chapter produces the integral.
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Chapter 5.

STANDARD RULES
FOR INTEGRAL MODELING

5.1 The Riemann Styled Integral.

The mathematical concept variously termed \integration" (i.e. to bring together the parts or
to make whole) was until after the time of Cauchy ; always considered to be a speci cally de ned
summation process. In 1823 Cauchy wrote the following desiption ; wheref :[a; ! R is assumed
to be continuous. \...if one divides X  Xg into in nitesimally small elements x1 Xg;X2 Xgz;:::; X
Xn 1 the sum

S=(x1 x0f(xo)*+(x2 x)f(xa))+ +(X xn )f(Xn 1)

converges to a limit represented by the de nite integral RX)Z f(x)dx:" From our new nonstandard
point of view such a sum is produced by a hyper nite partition [see Example 4.4.1.A] generated by
some 2 N; and the internal hyper nite sequence of valuesf (x;); 0 i 1: Obviously; the
Riemann sunm wheref may be evaluated at any member of each subintervalyi; X+ ]; is styled after
this Cauchy de nition. However; does the standard part of such a hyper nite sum exist and is it
independent of the partition? Moreover, can the concept be extended to bounded not necessarily
continuous functions?

In the following very brief discussion, neither the Stieltjes nor Lebesgue generalization is
considered even though these have been extensively investigated by nstandard means. Indeed
research indicates that the use of arbitrary partitions along with the Darboux concept of the up-
per and lower sums and the upper and lower integrals which he pved to be equivalent to the
Riemann integral are note worthy in that they more easily yield the rigorous proofs that establish
the properties of the highly applicable converging Riemannsum notion. Since our paramount con-
cern is modeling with the Riemann styled integral our stated results are in terms of such easily
conceived hyper nite sums. A simple nonstandard de nition for an integral of bounded functions
- the H-integral - is given in Herrmann [1985]. In this paper; it is shown that the H-integral is
equivalent to the Darboux integral. [Note: in Herrmann [1985] the Darboux integral is called the
Riemann integral. Further; Theorem 3.3 and Corollaries 3.3.13.3.2 3.3.3 3.3.4 in this paper are
incorrect as stated. However our use of the results from this paper are not related to thesefew
erroneous conclusions.] As is well-known the Darboux inte@l is equivalent to the Riemann integral
conceived of as approximated by the Riemann Sums. It seems p&dient; however, to consider all
such integral concepts extended to reasonable subsets Bf" using the simplest possible procedures
[Apostal [1957] ; Spivak [1965] ].

For an n-dimensional spacen  1; the closed setR =[ay; ] [an;h]; & <bj; 1 i nis
calleda rectangle. Of course if n = 1; then a \rectangle" is but a closed interval. As usual;, consider
for each f; b] apartition P; as a nite set of members of p;; b] such that a;; b 2 P; and whereP; is
considered as ordered. This is often explicitly written asP; = fXjo;:::;Xik9; & = Xjo <Xj1 < <
Xik = by: This determines the closed one-dimensional subintervalx[, 1);Xjpl; 1 p  K: In brief,
this process obtains a partitionP = Py P, of R and a nite collection of closed n-dimensional
subrectanglesRq obtained by considering (Kio; X11][ [ [Xik 15 X1k]) (Xno;Xn2l[
[Xam 1;Xnm]): Each Rq has a measurev(Rq) 2 R; assigned to it which is intuitively the product of
the lengths of the sides. For simplicity of notion the de nition of the measurev(Rg) is left intuitively
understood.
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Probably the simplest partition to consider would be the onetermed a simple partition. These

an equal length partition by adding to each successive partion point the number (b & )=(m;): This
concept is extended to the nonstandard world by selecting in nite natural numbers 1; ; , and
generating for each interval p;; ] an internal hyper nite partition ; P;; each subinterval of which
has positive in nitesimal length (b a&)=( ;) = dx;: Then the partition P = P; P, is a
simple ne patrtition of R: Such a partition yields an internal set of hyperrectanglesR; such that
V(Rj)= dx; dx, =dX 2 (0)*: Youcould be much more general and consider thene partitions
which are internal collections of hyper nitely many members of [a;; 3] such that the length of any
subinterval is an in nitesimal. In Cauchy's de nition he ev aluated a function at speci ¢ endpoints
of each subinterval. For a bounded functionf :R ! R this evaluation concept can also be applied
in the case of the subrectangles into whichR is partitioned by evaluating the function f at; say;
the corner nearest to the origin. However it has become customary to be somewhat more general
and include the concept of the intermediate partition. Let P be a partition of the rectangle R and
assume thatP determines the set of subrectangle$Rqj1 g mg: An intermediate partition
Q; is any nite sequence of vectorsf v,0; where vy 2 Ry for eachgqsuch thatl q m:

De nition 5.1.1. (The Integral) . Let f:R! R be bounded andP the set of simple parti-
tions of R: Thenf is said to beINTEGABLE if there exists somer 2 R and a simple ne patrtition,
P 2 P such that for each of its internal intermediate partitions f+4g; where 1 g 2 Ny ;

f(v) V(Rg) 2 (r):
k=1

Theorem 5.1.1. A bounded function f:R ! R is integrable if and only if it is integrable in
the sense of Darboux and Riemann Sums.

Theorem 5.1.2. If bounded f:R ! R is integrable; then there exists a uniquer 2 R such
that for every ne partition P = fxg;:::% g; 2 Np and every internal intermediate partition
Q=1%o 1 ¢ 2 N; it follows that

f(v) V(Rg) 2 (r):
k=1

The unique real number that exists by Theorem 5.1.2 isfrom theorem 5.1.1, the classical value
of the de nite integral and hence if boundedf:R ! R is integrable in the sense of De nition 5.1.1
then we may write

z Z z X
f(x)dxy dx, = f(x)dX = st( f (vg) V(Rq)):
R

R k=1

Observe that Theorem 5.1.2 indicates that Cavalieri's noton of the indivisible line segment as
being the foundation for the de nite integral is untenable. Even though the above hyper nite sums
correlate directly to the intuitive concept of the de nite i ntegral; even for possibly discontinuous
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functions; this fact alone does not lead to the appropriate selection okpeci ¢ integrands that will
produce meaningful geometric or physical measuresindeed one of the most signi cant aspects of
modern in nitesimal analysis is that there does exist desdbable modeling procedures that rigorously
establish that a speci ¢ integrand does provide the requité value for a speci c geometric or physical
guantity.

5.2 The In nite Sum Theorems.

Throughout applied mathematics numerous linear functionds are utilized to discuss and pre-
dict geometric or physical qualities. Such functionals areessential to the indirect veri cation of
many physical theories for within the laboratory environment it is the predicted values displayed by
elaborate machinery that often yield the only indications that unobserved events may be occurring.
As indicated in section 5.1 there are now rigorousrules that lead to an immediate adoption of
the integral as the appropriate modeling structure when onementally conceives of such events and
applies experience to determine the geometric or physicalrpperties that might establish that it is
likely that certain hypothesized behavior is actually occuring.

Prior to Robinson's discovery certain vaguely described ries did appear in the mathematical
literature; but none was consistently de ned in a rigorous language nor did they have any partic-
ular relation to the successfully applied intuitive notions we term in nitesimal reasoning. As an
intermediate step in establishing a consistent and complet approach to this problem it is now
possible to describe explicitly su cient in nitesimal con ditions that establish the integral as the
correct modeling structure. These intermediate rules havebecome known asThe Innite Sum
Theorems. For any bounded function f:[a; ! R a generalizations of these rules can be found
in Herrmann [1985]. In appendix 5 this rule is further generalized and applied to the case that
boundedf:R ! R: Obviously; a subrectangle, Rs; is a rectangle that is a subset ofR: Let C
be the set of all simple partitions of R; S(P) the set of all subrectangles generated by’ 2 C and
Gsr = fRsjOP(P 2 C ™ Rs 2 S(P)g the set of all subrectangles contained in any simple partiton
of R:

De nition 5.2.1. (Simply Additive). Let fRqgj1 g mg be any simple partition of R
and let B be any map de ned on the collection G-sg and having real number values. ThenB is
said to be SIMPLY ADDITIVE if for eachfRq4j1 g mg= S(P); P 2 C it follows that

X0
B(R)=  B(Ry):
k=1

Obviously; B is de ned on the set Gpsg which contains all of the in nitesimal subrectangles
contained in any simple ne partition of R: | point out that our rst in nitesimal sum theorem
actually holds for a slightly more general partition than a simple partition of R - the special partition.
However, a simple partition is a special partition and in most applied cases the simple partition
su ces.

Theorem 5.2.1. (An In nite Sum Theorem.) Let boundedf:R ! R and simply additive
B:Gsr ! R:If there exists a simple ne partition fRgj1 g g and for each Ry there exists
somep2 Rq such that

B(Rg)=dX  f(9); ()
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then f is integrable and 7
B(R)= f(»dX:
R

Two observations about Theorem 5.2.1. The in nitesimal dX need not be considered the nite
product of coordinate measures but may also take on the charder of such physical quantities as the
nite product of in nitesimal momenta ; the nite product of in nitesimal probabilities and even th e
nite product of in nitesimal charges or in nitesimal numb ers of elementary particles if such things
can be conceived of in objective reality. Further it is somewhat unfortunate for applied mathematics
that the converse of Theorem 5.2.1 does not hold. N.JCutland [1986] has supplied your author
with an example of a fugction de ned on [0; 1] that is Darboux integrable (hence integrable) but
if you dene B(Rs) = Rs f (x)dx; then B does not satisfy property (*). On the other hand,
if f is continuous onR; then (*) does hold for such integrally de ned functionals and; indeed a
much stronger property called supernearnessholds as well. LetGsg be the set of all subrectanghles
contained in R: For simplicity of notation ; throughout this manual ; maps such as B are
denoted as being ; at least ; de ned on sets such as Gosg; Gsgr etc. Simple additivity and
additivity will greatly enlarge their domains of de nition

De nition 5.2.2. (Supernearness).
Let (x1;::::Xn); (Yo;:::yn) 2 Randy; xi2 (0)';1 i n;andletRs = f(z1;:::;2,)j8i(1
i n! X z vi)"(z 2 R)gdenote an in nitesimal subrectangle of R: Amap B:Gr ! R
is SUPERNEAR to bounded f:R ! R if for every in nitesimal subrectangle Rs of R and for
every p2 Rs it follows that
B(Rs)=dX  f(p); ()

wheredX = Qin:l (yi xi)2 (0)":

Theorem 5.2.2. A bounded function f :R! R is continuous if and only if there exists a map
B:Ggr ! R thatis supernear to f:

In the proof of Theorem 5.2.2 the following interesting integral property is established.

Corollary 5.2.2.  Suppose thatf :R ! R is continuous. For eachRs 2 Csg de ne B(Rs) =
rs [ (%) dX: Then B is supernear tof:

Theorem 5.2.3. Letboundedf:R! R:If B:Ggr ! R issupernear tof and simply additive
on each simple partition of eachRg; then f is continuous onR and
z
B(Rs) = f (%) dX
Rs

for eachRg 2 CsRr:

In applications of the integral to geometric and physical problems it is usually assumed that
the map B:Ggr ! R is; at least, additive on Gsg: Recall that this means that if nonempty
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fRi 1 i g C sr is pairwise disjoint or pairwise has only boundary points incommon; then
B([f Rig) = i”:l B(R;): Note that if B is additive on Gsg; then B is simply additive on each
member of C and for each simple partition of Rs 2 Csg:

Corollary 5.2.3.1 Let boundedf:R! R:If B:Ggr ! R is supernear tof and additive on
Gsr; then f is continuous onR and
4
B(Rs) = f (%) dX
Rs

for eachRg 2 CsRr:

Corollary 5.2.3.2 Let bounded f:R ! R: There exists one and only one maB:Gr ! R
that is supernear tof and either simply additive on each simple partition of eachRs or additive on

Gsr.

5.3 Extensions.

In general, the bounded real valued functionf need not be de ned on such a convenient set as
R: If f:D ! R is dened on a bounded setD; then the most expedient procedure to follow is to
de ne a function f:R! R;whereD R; by f’\(x) R f (%) for eacﬁx 2 D and f’\(x) = 0 for each
%2 R D: With this case then; as is customary let , f(x)dX = f’\(x); dx:

As far as a map such aB8: Gr ! R is concerned the additivity of B may be extended to all
Jordan-measurable subsets oR: The fact that B may be additive on a lesser collection of subsets
of R will su ce for the basic modeling rules described in the next section. These modeling rules are
very speci ¢ in character and if the proper simplistic assunptions for B are utilized; then they lead
directly to the appropriate in nite sum theorem and its associated integral equivalence.

) IMPORTANT )

) In the following applications; the standard requirements are stated in terms of what we
perceive to be global behavior of well-known ordinary funcionals and their relation to standard
characterizing properties. Many of these observation are not obvious. The following app li-

cations are actually intended to foster an appreciation for the nonstandard modeling
rules and procedures that appear in Chapter 6 - rules that lea d more directly to the
appropriate conclusions. The reason we present the following applications is that thé global

approach is used in the more elementary textbooks(

5.4 Applications and the Standard Modeling Rules.

One of the unusual aspects of the In nite Sum Theorem 5.2.1 ighat it does not view the func-
tional B directly but ; rather; a \mean value" must be considered if the attention is directed toward
the concept of being in nitely close. As the derivations in the following elementary applications
indicate this problem is submerged within the derivation itself and does not usually occur when the
properties of the basic functional are proposed. Our appliations are mostly geometric and elemen-
tary in character; while the major applications to the physical sciences will @pear in their respect
manuals. Further; we concentrate upon those applications that traditionallyappear in the customary
core calculus elementary di erential equations and physical science corses.
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Application 5.4.1 The 2-dimensional area between two continuous curves.

First assume that all of the following functions are continuous on their indicated domains. Give
h:[c;d]! Randk:[c;d! R;where we denote by the symboh k the condition that h(x) k(x)
for eachx 2 [c; d]: Let's look at the original idea behind an area functionA([c; d]; h; k) that measures
the intuitive area between these two curves and over the inteval [c; d]: De ne a basic region R
for any pair of functions h;k; h  k and over any interval [c; d] contained in their common domain
by R=f(x;y)jx 2 [c;d]™ h(x) vy k(x)g: Assume that we have two xed functions f; g; f g
de ned on [a; b: The follow rules (axioms) appear to model our intuitive notion of an area function.

(i) The area function A is; at least; de ned on all basic regions determined by §;d] [a; b:

(i) For the above two xed functions f;g de ned on [a; b the area function A is; at least;
additive on the set Gsr of [a; b]:

(i) If D;E are two basic regions in the domain ofA and D  E; then A(D) A(E):

(iv) If two functions h;k are constant over any E;d] [a; b; then A([c;d];h;k)=(d c)(k h):

These four properties for the area functionA are certainly reasonable and seem to model the
intuitive notions from elementary plane geometry. We now famally establish that

Zy
A(la;b;fig)= a(g(X) f(x)) dx: (1)

Derivation. Let [x1;X1 + dx] be any hyperinterval generated by any simple ne partition of
[a;0: Note in this casedx = (b a)=; where 2 Nj : By considering the *-transfer of the
standard extreme value theorem for continuous functions dened on closed intervals it follows that
f and g attain their maximum and minimum values fy; gw and fny; gm respectively on
[X1;x1 + dx]: It is not di cult to model statements (i) ; (ii); (iii) (iv) set- theoretically and extend
these properties to the nonstandard world. We need only conder statements (i); (ii) ; (iii) ; (iv) as
intuitively *-transformed by changing the terminology to \ hyper" or \*" terminology. When this is
done statements (i} (iii) and (iv) yield the result that

( Om fm )dx A(Xy;xa+dx]; f; g)  (gwm fm)dx) (1)

(gm  fm) (Alxyxa+dx; fogl))=dx (gw  fm): (@)

Sincef and g are uniformly continuous on [a; and f; g attain their respective maximum and
minimum value at members of k1;x; + dx] then de nition 4.4.1 implies that

fm  f(x1)  fm; Omn  o(Xx1) Qu: 3)

Consequently,
(gn  fm) (9(x1) f(x1)) (om fm)) 4)
(A(xa;xg + dx]; £ gl))=dx  (g(x1) f(x1)) ®)

from the fact that f;g are bounded and Corollary 2.2.5.2. Statement (i) allows apfpcation of the
In nite Sum Theorem and integral equation |, is the consequence.

Once equationl; is obtained then it may be checked against the standard area masures for
the ordinary Euclidean plane gures in order to insure that it is indeed an extension. | point out
that throughout many of these applications similar modeling rules such as (i) (ii); (iii) and (iv)
are essential if one wishes to achieve a formal derivation. $\will be illustrated there are notable
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exceptions to this general approach where one of the standdrconditions (i) - (iv) may fail. However ;
here are two more applications where the standard functionbcharacterizations can be formulated

Application 5.4.2.  Volume obtained by a 2-dimensional integral.

Assume as in the previous application that all functions are continuous on their indicated
domains. Suppose that two functionsh; k are de ned on a rectangleR, R? and have the property
that the h  k on Rq. Generalizing the de nition in application 5.4.1; de ne a basic regionRg in
R2 for each a pairh;k by Rg = f(x;y;2)j(x;y) 2 Ro® h(x;y) z k(x;y)g: As beforg we attempt
to model the concept of a volume functionV (Ro; h; k) over any rectangleRy  R?: Assume that we
have two real valued xed functions f;g; f g de ned on a rectangleR:

(i) The volume function V is de ned; at least; for all basic regions determined by rectangles
that are subsets ofR:

(ii) For the above two functions f; g; the function V is; at least; additive on the set Gsr of R:

(i) If D;E are two basic regions in the domain of¥ and D E; then V(D) V(E):

(iv) If the functions h; k are constant over any rectangleRo  R; then V (Ro; h; k) = (area R)(k
h):

If V satis es these rules then

z

V(R;f;g) = R(g(X) f (x)) dX:

Derivation. Except for a very slight modi cation ; this is exactly the same as the derivation for
application 5.4.1. Simply let [x1; X3+ dx3] [X2; X2+ dX2] be a hyperrectangle generated by a simple
ne partition of R: Inthiscase dx; =(b a)= ; dx=(d ¢)=; ; 2 Nj:SinceR is compact
the remainder of this derivation is as in application 5.4.1.

Application 5.4.3.  Mass obtained by a 3-dimensional integral.

Assume that (%) is a continuous point density function de ned on a rectangleR  R3: General
physical experience leads to the following characterizatins for the elementary massM (R; ); of R.

(i) The mass is de ned for; at least; the set of all subrectangles Gsg; of R:

(i) The mass is additive on the set Gsr:

(i) If Rs is a subrectangle ofR and (%) is a continuous density function de ned on Rs with
the property that (%) (%) foreachx 2 Rg; then M (Rs; 1) M(Rs; ):

(iv) If the function  is constant over any rectangleRy R; then M (Ro; )= (V(Ro)):

If M satis es rules (i) -(iv) ; then

z
M(R; )= (%) dX:
R

Derivation. As in the previous casesone selects a simple ne partition of R and lets Rq be
some hyperrectangle determined by such a simple ne partiton. The above characterizations are
extended by *-transfer to the NSP-world. From continuity ;  attains its minimum value , and
maximum value u at members ofRq: From (i) ; (iii) and (iv) it follows that

( m)dX  M(Rq ) ( m)dX) 1)
m  (M(Rq; ))=dX M )

Let x; be any member ofRq: From the uniform continuity of it follows that
m (X1) M- 3)
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Consequently,
( M(Rg; ))=dX (X1) 4

and the derivation follows from the In nite Sum Theorem.

In the above applications the rules (i) { (v) obviously depict these functionals from a standard
point of view as described completely in terms of the standatt world. Except within the formal
derivations; there may appear to be no consuming need for any insight intohe in nitesimal NSP-
world. As is be amply illustrated in the next chapter; one or more of these rules may not be
self-evident when the integral is applied for both geometrt and physical modeling. When this
occurs then it is often the case that certain simplistic and local apects of the standard world
are axiomatically impressed upon the pure NSP-world. This hen leads to rules that do include
descriptions for pure NSP-world behavior.

5.5 Extensions of the Standard Rules.

In practice; the rectangle R is too restrictive to be of much signi cance in applications.
Fortunately ; there are techniques that will allow us to remove this restrction - techniques that
lead to a straightforward modi cation of a few of the terms th at appear in such standard rules as
() { (iv).

The appropriate alteration of these rules begins with the cocepts brie y mentioned in section
5.3.

(1) Assume thatf:D ! R is continuous onD; whereD is a compact Jordan-measurable subset
of R": [Apostal [1957] De Lillo [1982] ] The Jordan-measurable subsets oR include those that
commonly appear throughout basic applications.

(2) Let Gr denote the set of all Jordan-measurable subsets d®: Clearly; GGg  C jr as is
well-known.

(3) Assume that B:Gr ! R:

(4) Now ext(ﬂ'ld f to f" and assume thatf" is integrable onR: It is easy to show that the value
of ;f(dX = - f’\(x) dX is independent of the choice oR:

Our next task is to see how a simple modi cation of the standad rules leads to a re ned
derivation that establishes the same integral expressionin the following applications ; the rule
modi cations are written in italics and v(J) denotes the real Jordan content for any
Jordan-measurable set J R:

Application 5.5.1.  Volume obtained by a 2-dimensional integral.

Assume as in application 5.4.2 that all functions are integrable on their indicated compact
Jordan-measurabledomains. Suppose that two functionsh; k are de ned on a compact and Jordan-
measurablelo, R R? and have the property that the h  k on Jo. Generalizing the de nition
in application 5.4.1; de ne a basic regionJg in R® for each a pairh;k by Jg = f(x;y;2)j(x;y) 2
Jo ™ h(x;y) z  k(x;y)g: As before we attempt to model the concept of a volume function
V (Jo; h; k) over any Jg 2 Cyr : Assume that we have two real valued xed and continuous functons
f;g; f g dened on compact and Jordan-measurablel R:

(i) The volume function V is de ned; at least; for all basic regions determined by allcompact
and Jordan-measurable setshat are subsets ofR:
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(i) For the integrable extensionsf’ 0; of the above two functions the function V is; at least;
additive on the set Gr of R:
(i) If D;E are two basic regions in the domain of¥ and D E; then V(D) V(E):
(iv) If the functions h;k are constant over anyJgy 2 Cyr ; then V (Jo; h; k) = (v(Jo))(k h): If
V satis es these rules then
z z
VETg)= (g0) fydx = (ge)  fx)dx:

Derivation. Let | =[xq1;x3 + dXx3] [X2; X2 + dXz] be a hyperrectangle generated by a simple
ne partition of R: In this case dx; = (b a)=; dx =(d ¢=; ; 2 Nj: By *transfer;
we transfer the general results concerning Jordan-measubde sets to the NSP-world. Assume that
J\V 1 = K 6 ;:Sincel 2 Ggr then K 2 Gg: Further since | is *-compact then K is *-
compact. Noting that f = f} g = @ on K; then the *-extreme value theorem implies that
f} ¢ attain their maximum and minimum values i om and fin: Om respectively onK: Now
by application of *-additivity and (iv) and the fact that K;I; I K are *-Jordan-measurable (if
I K =;;then we still let it be measurable with content equal to zero)we have that V(I; f} 0) =
VK g+ VI K 9= V(K o)

Next we also apply (iii) and obtain
(On ) VK) (on  fu)dx V(@ £ 9=
VG 9 (ow ) vK)  (ow  fm)dX: (1)

Sincef = f g = 4 are uniformly continuous on K and K 6 ; then for x; 2 K we have that
fm  fix)) fum; 6n  6(x1)  Ow: Consequently,

(on  fu) (000 fx) (O f 2)
Application of expressions (1) and (2) yields
V(I £ g=dX  (0(x)  fx): (3)

For the case that K = ; it is obvious that V(I; f} 0)=0=( 0O(x1) f'\(xl))dXxl 21:In
this case we also have that expression (3) holds. Applicatio of the In nite Sum Theorem completes
the derivation.

The above example su ces to show how all of the previous standrd modeling rules and ap-
plications can be extended to the case of the Jordan-measubée subsets and integrable functions.
However, for many applications of integral modeling to geometric theories and natural system behav-
ior such listed axioms for the behavior of the conjectured fuctionals are often not evident. This is
particularly so for standard axioms such as (iii) and (iv). To eradicate this di culty ; a direct appeal
is made to the NSP-world either to the in nitesimal terms of the hyper nite sum that a ppears in
de nition 5.1.1 or to statement (*) of Theorem 5.2.1.
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Chapter 6.

NONSTANDARD RULES
FOR INTEGRAL MODELING

6.1 Historical Examples.

In 1855, Maxwell [1890] presented his uid ow analogue model for Faraday's concept of
both magnetic and electric lines of force. An analysis of Mawell's imagery relative to our present
understanding of the behavior of in nitesimal quantities is very enlightening. Maxwell considers
\tubes" of moving points (not particles) of uid and their pa ths of motion as a pure imaginary
picture of what one might conceive of as line a force. Obvioug; the idea was not to consider the
concept of \force" as an independent entity but; rather; to rst picture \something" - the points
of uid material and their paths of motion - as representing the e ects of unknown forces. \The
direction of motion of the uid will in general be dierent at dierent points of the space which it
occupies but since the direction is determined for every such pointwe may conceive a line to begin
at any point and to continue so that every element of the lineridicates by it direction the direction
of motion at that point in space. Lines drawn in such a manner hat their direction always indicates
the direction of uid motion are called lines of uid motion. " [Maxwell ; 1890:160]

Maxwell then imagines a closed curve on a surface - a surfacdat \cuts" the lines of uid
motion - and the lines of uid motion that intersect this surf ace curve. These curve generated ow
lines then produce in his mind; a tubular surface which he callsa tube of uid motion. He then
lIs the interior of these tubular surface with the ow lines that intersect that portion of the surface
which would have the curve as its boundary. He also assumes # the uid is incompressible. This
yields another postulated property of these ow lines. \The quantity of uid which in a unit of
time crosses any xed section of the tube is the same at whatewv part of the tube the section is
taken....and no part runs through the sides of the tubetherefore the quantity which escapes from the
second section is equal to that which enters through the rst [Maxwell 1890:161]

Maxwell then supplies a paramount nonstandard rule to the mehods of in nitesimal model - a
rule that has recently been called the concept of the in nitesimal microscope. YAn in nite number
of lines would have to be drawn at inde nitely small interva$; but since the description of such a
system of lines would involve continual reference to the tloey of limits ; it has been thought better to
suppose the lines drawn at intervals depending on the assudhanit; and afterwards to assume the
unit as small of we please by taking a small submultiple of thetandard unit." [Maxwell 1890:161]
Notice that Maxwell's statement about the necessity of limit theory is now known to be false. He
may have made such a statementas did Kepler before him to placate those who might be more
attuned to rigorous derivations. Further; following general scienti ¢ practices Maxwell does not
establish his limit theory conclusions but, rather; ascribes to an in nitesimalizing approach he claims
is equivalent to the physical limit theory. More importantl y we have our rst vague nonstandard
rule for in nitesimal modeling

VR1.
These in nitesimalizing ideas are equivalent to a type of innite magni cation of a in nitely
small portion of the uid - a magni cation that yields nitel y many lines in our eld of view that
appear to be drawn at real nite distances apart.
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| mention that such geometric notions as expressed in VR1 caimdeed be formalized within the
geometric theory of R3:

Within Maxwell's research reports he states numerous timeghat the reasons for his derivations
are \evident." Thus; he often gives no specic causes for his logical conclusiorend leaves them
axiomatic in character. It is; however, the vague methods of in nitesimalizing that continue to
interests us - methods that are also often assumed to be \evieht" to Maxwell's audience. Intuitively ;
as it will be illustrated ; physical and geometric in nitesimal integral modeling also displays yet
another vague nonstandard rule.

VR2.

In nitesimal integral modeling often makes a direct appeal to the In nite Sum Theorems as
well as a simpli ed interpretation of the equation (Theorem 5.1.2)

z z z X
f(x)dxs  dx, =  f(%)dX = st( f (vg) V(Rq)):
R R k=1
In the in nite sum theorems the equivalence relation is replaced by an equality while the standard
part operator is ignored and the integral is made equal to sora type of summation process which is
often conceived of as nite in character.

How does Maxwell apply his uid motion analogy to assumed cotinuously varying magnetic
properties? Surprising he views them as discrete and constant with relation to his mgni ed portion
the of uid material. \ The quantity of magnetism in any section of a magnetic body isneasured by
the number of lines of magnetic force that pass through it. Maxwell [1890:182] This \number" is
assumed to be a standard natural number. f i be the quantity of the magnetization at any point
or the number of lines of force passing through unit of area irthe section of the solenoidthen the
total quantity of magnetization in the circuit is the number of lines which pass through a sectign
| = idydz; wheredydz is the element of the sectionand the summation is performed over the
whole section. [Maxwell 1890:183] In the magni ed view; the section is to be conceived of as a
rectangle with actual real number area that is then made arbtrary small by Maxwell's small unit
convention. The constant numbersi are not assumed to be altered as a physical quantity by the
small unit convention but are xed constants. The cardinality (i.e. intuitively the number of terms
in the summation) is ignored and this \summation" is equated to the integral value I:

Maxwell appears to have arrived at his conclusions by consid ering the simplest of
laboratory experiences for assumed constant quantities an d geometric con gurations.
He has then impressed these experiences upon the in nitesim al nonstandard world. By
assuming that the outcome is somehow additive in character t his leads directly to the

integral model.

With respect to pure geometric nonstandard modeling the sare general processwith certain
exceptions is also applied. It was seen in Example 4.4.1.A on page 33 thahe length of an n-
dimensional curve is viewed globally as approximated by a thrpolygonal curve and following this
the length of the curve is de ned to be the hyper nite sum i:ol kvwk = jP j 2 R: However,
for curves that are continuously di erentiable Robinson formally showed that each term of this
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summation could be replaced by the term

v
pxe

fO(t;)2 dt
j=1

where this replacement term can be conceived of as the in nigssimal length of an in nitesimal line
segment in nitely close (in the sense of the in nitesimal sum theorem) to the original line segments
that comprise the hyperpolygonal curve. A proof of this can be found in appendix 6. On the
other hand; one could proceed backwardsas some geometers have dopand discuss the vague notion
of the \element of length," ds; while forcing the length of a curve to be the \sum" of such elenents
ds: Indeed, one of the greatest of all in nitesimal geometers does all ohis analysis in terms of the
still vague \element" concept and uses what would be today; totally unacceptable n%-rigorous
derivations. \ Let us now examine the integral curvature of this triangle which is equal to kd; d
denoting a surface eIementFQthhe triangle. Whereforesince this element is expressed byndp dq;
we must extend the integral mdp dq over the whole surface of the trianglé[ Gauss 1827; Art
20] Gauss in his papers also states that various quantities arequal when in reality they are but
in nitely close. Fortunately ; the algebraic manipulations of in nitesimal quantities as employed by
Gauss and Maxwell were restricted to their ring properties. Unfortunately ; Gauss' derivations are
highly non-rigorous in character.

By comparing Robinson's techniques with many of signi cant mathematical models developed
over the past few centuries by application of intuitive in n itesimal modeling; it is now possible to
gain a little better insight into the methods used; to make these methods somewhat more acceptable
in rigor and to improve considerably upon the notions outlined in the vague nonstandard rules VR1
and VR2.

6.2 The Monadic Environment.

Vague rule 1 can now be made essentially rigorous in charaateWhen we model the most ele-
mentary geometric or simplistic physical behavior it is uswally conceived of within bounded portions
of R": Even though one may later remove the boundedness concepsuch modeling often begins
with such a restriction. Furthermore; this holds true whether or not one is concerned with real or
complex variables. What is conceived of as \elementary geoetric" or \simplistic physical" behavior
is most often fostered by individual experiences and a persal development of discipline intuition.
Simplistic diagrams and sketching develop an intuition for geometric concepts while basic labora-
tory experimentation tends to yield to the conscientious investigator an intuitive understanding of
basic natural system behavior. It is this phenomenologicabpproach to simplistic physical behavior
that has led to the development of most of our present day inticate mathematical models that even
though they may tend to predict observed behavior may not correspond in their entirety to physical
reality.

IR1
Elementary geometric or simplistic physical behavior takes place within an m-dimensional
monad;, (P R™; where standard p 2 R™: Such behavior may be intuitively *-transferred
to similar behavior within  (p):
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It might be argued that IR1 is too restrictive for many of our m odern applied mathematical
structures. It is interesting to note that many monadic prop erties generalize not only to general
topological spaces (see many of papers published by Robert.Aderrmann from 1975 - 1984) but
even to the more general pre and pseudo topological spacdddrrmann 1980]. Can we identify for

R™ what; at least partially ; constitutes basic simplistic behavior? The rst step in this process
is to study in R" or the laboratory geometric or physical behavior restricted to entities termed
\elements." Further ; one is often only concerned with specic functionals assoated with such
objects. As previous mentioned in applied in nitesimal analysis; in nitesimals that are denoted
by such symbols asdx need not correspond to geometric concept of length. Indeedhey can be
negative or correspond to such notions as velocityacceleration or even in nitesimal \numbers of
molecules." Neverthelessit is convenient to regard the basic elements as geometric iosharacter and
not to be concerned with their speci ¢ functional or physical interpretation.

IR2
Letinternal L: R"! R™ be a designated linear transformation andS R" an in nitesimal
subrectangle of R; where rectangleR R": An m-dimensional element is the con guration
L[S]: The basic element is the in nitesimal subrectangle itself.

For all such designatedL considered in IR2 the elements can be characterized as m-densional
parallelepipeds where the 1-dimensional parallelepiped is to be conceivedfas a line segment.
Further ; we have the following little theorem that shows the relationship between in nitesimal sub-
rectangles and monads.

Theorem 6.2.1. Let A be a compact subset oR" and the in nitesimal subrectangle R A:
Then there exists somep 2 A such that R (p):

+ IMPORTANT +

) The hypotheses of many of the following rules and theorems ar stated in terms of
a Jordan-measurable setJ. Such premises may be weakened by restricting the functiorato

Gr and assuming that J is but a subrectangle. | mention the important but well-
known fact that all of the usual geometric con gurations uti lized in the basic
calculus and dierential equation undergraduate courses a re Jordan-measurable.
Further ; the elementary prototype used in place of the general Jordan -measurable
set is the subrectangle itself. Most experimental investig ations do not go be-
yond the subrectangle. After the hypotheses that appear in t he following rules
and theorems are restricted to subrectangles and their conc lusions are veried ;
then their consequences are often extended to J without further con rmation.

In order to use the innite sum theorem directly for the basic elementary integral it is
assumed that the internal linear map L is the extended identity may |: Then the following are
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gleaned from the basic de nitions or the intuitive methods of the geometer as well as from simple
experiments on natural system behavior whether it be objedwely real or imaginary.

IR3 { In nitesimal Max. and Min. Rule
(1) We wish to measure a quantity M for a compact Jordan-measurable set] R R";
where M is de ned on and; at least, additive over members of the setfCg5; R J;J g: Further; if
subrectangleS R J; M(S)=0;andM (R J)=0: Let v(J) denote the Jordan content.
(2) There is a generating function f (%) that is related to the functional M in the following
manner:

(i) The functions f is continuous onJ:

(i) Let P be some simple ne partition; S2 S(P)and K = J\ S 6 ;: Then there exist
¥m 2 K and %y 2 K such that f, = f(%y) = inff f(x)jx 2 Kg=inff f(x)jx 2 Kg and
fm = f(xm)= supf f(x)jx2 Kg=supf f(x)jx2 Kgand

(i) ( fm) V(S) M(S) (fm) v(S): [Note: this is the case where L is the identity
map.]

Obviously the rules in IR3 are closely related to those that gpear in chapter 5 section 5.4.
Except for 2(iii) these rules are usually tacitly assumed. t is useful to repeat the observation made
in section 5.4. Certain aspects of rule IR3 could be relaxed if statement 2if) is formulated in terms
of an in nitesimal \mean value" property for the functional M: However, it is the customary linear
form in 2(iii) that appears throughout all of the traditiona | de nitions - a form that we are trained
to seek and experimentally justify. Notice that the terms of a Riemann sum are represented in the
inequality in 2(iii) by either f, or fy : The following theorem is almost obvious.

Theorem 6.2.2. If IR3 holds; then
Z
M@Q)= f (%) dX:
J

Theorem 6.2.3. Let compact Jordan-measurable] R R": If continuous f:J ! R; then
for any partition P of R and any S 2 S(P); whereK = J\ S 6 ; there exist %, 2 K and %y 2 K
such that f, = f (%m) =inf ff (3)jx2 Kgandfy = f(xv) =supff (%)jx2 Kg:

The title of this chapter is actually somewhat misleading. Even though all of the previous rules
relative to the monadic environment are stated in terms of this monadic world; generally for the
integral; individuals still rely upon standard world observations. It is the generation of di erential
equation models that utilize this in nitesimal locale excl usively. What mental or experimental pro-
cedures does a researcher employ in order to arrive at the colusion expressed in IR3 part 2(iii)?
Evidently ; these standard procedures must be closely related to the rul e IR1 - IR3
even if they are expressed in the language of a standard mathe matical structure. In
derivations written prior to 1981; we read that such conclusions are \self-evident" or \obviots."
These self-evident features of informal in nitesimal modéing are; of course some type of unmen-
tioned in nitesimal reasoning process. Formally, the unmentioned in nitesimalizing procedure can
now be characterized as formal *-transfer and what needs to & determined in the large scale or
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macroscopic environment prior to such in nitesimalizing is contained in the premises of the next
somewhat obvious proposition. We call a setP; of simple partitions of R acceptable if there exists
a simple ne partition P 2 P:

Theorem 6.2.4. (Self-evident Max. and Min.) Let the rectangle R R" and suppose
that compact Jordan-measurableJ R: Let M be de ned as in (1) of IR3; continuousf:J! R; P
an acceptable set of partitions ofR and any P 2 P: If for any S 2 S(P) such that J\ S 6 ; it
follows that (f,)v(S) M (S) (fm)V(S); then the in nitesimalizing process IR3 holds.

In order to better apply the self-evident theorem an intuiti ve discussion of its content is in
order. The valuesf,, and fy are values for the original de ning function restricted to J \ S: Thus
essentially for the boundary type subrectanglesS (i.e. S6 J but S\ J 6 ;) these values have been
extended to the entire rectangleS: What has been done should be viewed as an application of these
bounding values off to the extended con gurations fSjS2S(P)~J\ S 6 ;g: [Important. See
the simplest rules IR5 ; IR6 in Appendix 6 where a continuity concept eliminates this
di culty.]

6.3 Simple Applications.

Assuming in the macroscopic world a continuous distributix\p of matter throughout a space
region Synge and Gri th de ne the moment of inertia as | = r?dm and then state that \ dm
is the mass of an in nitesimal element..." [Synge and Griffith [1959:173] ]. For a uniform rod
of total mass m and length 2a positioned on the x-axis; they state that dm = (mdx)=(2a): It
is often the case that this concept is extended to the case thenass is not uniform but is rather
determined by the continuous point density function (x): In this particular case it is claimed that
dm = (x) dx: However, from the corrected notions of in nitesimal modeling this last statement is
simply incorrect. Based upon Corollaries 5.2.3.1 and 5.2.2 and the de nition of supernearness we
can only be assured that for an in nitesimal subrectangleR and forany x 2 R; dm = M(R; )
is in nitely close to  (x) dx: Indeed; the notion of \in nitely close" in this context is not su cie nt
for a proper understanding of the relationship betweendm and (x) dx: As well be discussed later
these two objects must for a given dx; be \closer" then indicated by the general in nitely close
concept. It is; therefore; necessary to establish various elementary applications dhese in nitesimal
rules in a manner distinctly di erent from the customary ones. | envision that many of our present
day texts that claim to teach the in nitesimal modeling of na tural system behavior will need to be
completely revised if rigor is to be incorporated.

Application 6.3.1.  The quantity of an incompressible uid passing through a 2-anensional
rectangle [resp. Jordan-measurable plane regiord:]

Suppose that we have for a macroscopic environment a functio V(x;y) that represents the
point velocity ; in a normal direction; of the incompressible uid passing through a 2-dimensional
rectangle R: Then the amount of uid passing through R per unit time; Q(R); is

z
v(x;y) dX:
R

Derivation. Before we start this derivation observe that it must be constdered slightly less
rigorous than those that appear in chapter 5. What does expdence indicates about such a value
Q(R)? First; since the uid is incompressible thenQ is additive on Gsg: Observation also indicates
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that for a subrectangle Rg of any simple partition (Vi) V(Rs) Q(Rs) (Vm)V(Rs): If you agree
to this experiential argument; then by Theorems 6.2.2 and 6.2.3 the result follows.

Application 6.3.2. Moment of inertia of a circular disc of radius a about a line " through the
center perpendicular to the plane of the disc.

[Point mass method.] Consider the disc) centered at the origin of our 2-dimensional Cartesian
coordinate system. Let (X;y) represent a continuous point density function for J: The moment
of inertia; 14; for E nite system of point masses m;; located on the disc each at a distance of
ri from “isl; = r2m;: This may be rewritten as I; =  (x? + y?) m;: The rst requirement
for application of IR3 is that this idea be extended to a continuous density function; (x;y); of
point masses. This implies that we consider the continuous mment of inertia generating function
f(x;y) = (x;y)(x?+ y?): Using this assumed function it follows that

z

QW)= | f(x;y)dX:

If is a constant then
z z,
QM) = (x;y)(x2+y?)dX =  2r 3dr=( a %=2) = (m=2)a’:
J 0

Derivation. It's clear that we have selected the basic aspects of this apigation to force it to
have the properties expressed in IR3. Howevemhat experiences do we have with moments of inertia
that will allow us to conclude that the inequality (fn)Vv(S) 1(S) (fm)Vv(S) holds? If you have
such experiencesthen the result is immediate. If you don't or you cannot adequately explain you
intuition ; then another derivation method would be required.

Application 6.3.2 and the like seem to have a very weak derivions. There are two notations
that will aid in eradicating these derivation di culties. | ndeed Maxwell explicitly states one of
these procedures and there is a statement within the premiseof application 6.3.2 that is signi cant
and often appears when extensions are considered.This leads to two often used ; signi cant
and powerful in nitesimal modeling procedures. The rstis the extension of constants
values and the second for, point de nable quantities, is the extension of the nite to
the hyper nite.

6.4. The Method of Constants.

The method of constants makes a direct appeal to expressiorf) of the In nite Sum Theorem
(5.2.1) as it appears on page 37. Individuals observe simpleroperties about a functional relative
to the assumption that the generating function can have contant values. These observations and
a simpli ed physical theory are then transferred to the NSP-world. They then assume that these
simple properties hold for the NSP- world and then without justi cation state that for a continuous
generating function the value of the functional is but a \sum " of the appropriate (in nitesimal)
guantities. A rigorous procedure is now possible.

IR4{ Method of Constants
(1) In what follows; let for any A R" \int" denote the interior of A: Let A = fCgg;fint(J\
S) 6 ; S 2 Csrgg We wish to measure a quantity M for a Jordan-measurable set] R R";
where M is; at least; de ned on and additive over the members of the setfA ;R J;Jg and for a
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subrectangleS; S R int(J) it followsthat M(S)=0and M(R J)=0: Let v(J) denote the
Jordan content.
(2) There is a generating function f (%) that is related to the functional M in the following

manner:

(i) The function f is bounded onJ:

(i) Let P be any arbitrary simple ne partition ; S 2 S(P) an arbitrary in nitesimal
subrectangle and; & K = int( J\ S):

(iii) There exists somex 2 K such that M (S) = f (%) v(S) or M (S)= v(S) f(%):

Please note carefully where IR4 di ers from IR3. First; f is only assumed to be bounded and
J need not be compact. Also note that for; & K; v(K) 6 0 since in the standard case nonempty
and Jordan-measurable intd \ S) contains a rectangle.

Theorem 6.4.1. If IR4 holds; then
Z
M@Q)= f (%) dX:
J

Once again we need some sort of in nitesimal reasoning pross that leads to application of
IR4. Within the laboratory or an imaginary mind experiment i ndividuals often tacitly observe that
the hypotheses of the next \self-evident" theorem hold and without stating it ; take an intuitive
*- transform and obtain IR4. It is IR4 ; or something akin to it; that appears in the literature.
However, certain aspects of the next result are necessary due to tecleal di culties and one useful
requirement is some what unexpected.

Theorem 6.4.2. ( Self-evident Method of Constants ) Let the rectangle R R" and
suppose that Jordan-measurablel R: Let M be de ned as in (1) of IR4; continuousf:R! R; P
an acceptable set of partitions ofR and anyP 2 P : If forany S2 S(P) such that; & K =int( J\ S)
there exists somex 2 K and somey 2 S such that (i) M (K) = f (%) v(K) and (ii)) M (S) = f (¥) v(S);
then the in nitesimalizing process IR4 holds for f restricted to J:

As with IR3 the intuitive notion behind in nitesimal reason ing Theorem 6.4.2 is the extension
of the generating function values to the boundary type subretangles S. Both of our self-evident
theorems display an interesting phenomenon. The rules IR3 rd IR4 require the existence of but
one simple ne partition for application; but ; the self-evident theorems need an in nite collection
of such partitions with the requisite properties in order to guarantee that such a partition exists in
the NSP-world. In practice the requirement that f be continuous onR may be relaxed to piecewise
continuity on a set of J covering subrectangles oR that at most overlap only on their boundaries.

Of interest is the necessity for premise (ii). In applicatio ns it is simply assumed from
observation that there is a partition of subrectangles ; S; that are \small enough" in

size that there exists such a constant f(x); x2int(J\ S) such that (i) holds. The same
methodology should also indicate that there exists a consta nt f(¥); ¥2 S such that (ii)

holds. However ; the (ii) premise is never mentioned as a requirement.
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Application 6.4.1. (Application 6.3.1 revisited.) The quantity of an incompressible uid
passing through a 2-dimensional rectangldresp. Jordan-measurable plane regiod:]

Suppose that we have for a macroscopic environment a contiraus function V (x;y) that rep-
resents the point velocity; in a normal direction; of the incompressible uid passing through a
2-dimensional rectangleR: Let J be any Jordan- measurable subset oR: Then the amount of uid
passing throughJ per unit time; Q(J); is

z
v(x;y) dX:
J

Derivation. It appears that the method of constants yields a more satisfatory derivation of
this integral formula. Consider any simple partition P and any S 2 S(P): Let ;& K =int( J\ S):
Then experience indicates that there is some« 2 K such that Q(K) = V(%) v(K): Indeed; this can
be most easily argued by the intermediate value theorem ifJ is connected. For the same reason
there is somey 2 S such that Q(S) = V (¥) v(S): If you agree to these seeming innocuous statements
relating scalar constant velocity normal to J; then the result follows from the Method of Constants.

Originally the basic in nitesimal reasoning behind Theorem 6.4.2 was simply that in the NSP-
world M (K) M (S); where; & int( J\ S)and S is a in nitesimal subrectangle of R: However,
technically; there seems to be no way to avoid that fact that this idea is inorrect. It may be a good
starting point but ; in nitesimally, it is necessary that M (K )= v(K) M (S)= v(S):

Theorem 6.4.3. (Extended Self-evident Method of Constants ) Let the rectangle R
R" and suppose that Jordan-measurable] R: Let M be dened as in (1) of IR4; continuous
f:R! R;continuousg:R! R; P an acceptable set of partitions ofR and any P 2 P : If for any
S2S(P)and; & K =int( J\ S) there exists somex;; %, 2 K and somey;; ¥ 2 S such that (i)
M (K) = f (%) g(>2) v(K) and (ii) M (S) = f (y1) 9(¥2) v(S); then the in nitesimalizing process IR4
holds for fg restricted to J:

Why do we need the Extended Self-evident theorem? Firstmany physical and geometric quan-
tities are de ned as the product of other previously de ned generating functions. Moreover it is
often the case that these quantities are actually de ned forthe sole purpose of applying the di er-
ential and integral calculus. One example of this should su ce. Consider the following supposedly
non-calculus approach to the moment of inertia of a circulardisc of radiusa about a line = through
the center perpendicular to the plane of the disc. In the bookMechanics of Engineers[Morley
[1942]] the following approach is used.

Assume that the density is unity. . . ; consider the disc divided inton \ring-shaped strips such
as P Q; each of width a=n:" Morley then takes the distance of the pth strip from the center O as
p a=n:He then lets the area be the same as that of the rectangle 2 pa=n a=n=2 pa?=n?: He
then states that the moment of inertia about = would be this area times the distance of the outer
edgep a=n which yields

2 a*pi=n* (1)

If now we add thesen strips this would yield; after simpli cation ; the expression

2 1
a“=2 1+ o4 o5 )
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However, on the other hand; if we chooseP O to be the distance of the strip from the line
then assuming the everything else holds the expression fohe sum all the n strips would be

1 .

at=2 1 2+ S
n n

®3)

Observe that for either (2) or (3) the limitas n!1 is a #=2: Morley's de nition requires that
such a limit be taken. If these ideas are now applied to paraél lines interior to the strips; then the
same conclusion would follow. | discuss aspects of this exaite more fully at the beginning of the
next section.

Remark 6.4.1 Closer examination of the Self-evident Theorems 6.4.2 is e$ul. For a par-
ticular linear function M de ned as in IR4; the relation between the valuesM (S) = 0; where the
subrectangleS R int(J); is of a special nature. These valuesin general are assumed to be
una ected by the function f: It is as if the function f has degenerated to the zero function when it
is observed by subrectangles exterior to intJ): In most practical cases this is exactly how it should
be. Since we are not interested in the behavior of on such exterior objects. Two things often
happen in practice. The functionf:J ! (a;b R is only assumed to be continuous ord: It does
not matter whether or not f is the restriction of a function that is continuous on R: The other case
is that the function f is explicitly given and it is indeed continuous on some bounithg setR: If J is
compact andf:J ! (a;b)is continuous and not explicitly expressed M is de ned as in IR4 and the
remaining hypotheses hold f&r any continuous extensior:R ! (a;b) of f to R; then by the Teitze
Extension TheoremM (J) = ; f (%) dX: The same modi cations could be made if necessary to the
Extended Self-evident Theorem 6.4.3.

Application 6.4.2.(Application 6.3.2 revisited.) Moment of inertia of a circular disc of
radius a about a line" through the center perpendicular to the plane of the disc.

Consider the discJ centered at the origin of our 2-dimensional Cartesian coorthate system.
Let (x;y) represent a continuous point density function forJ which is assumed to be continuous on
someR R?suchthatJ R: Then the moment of inertia; Q(J); of J about  a line perpendicular
to the disc at its center is Z

QM) = ; f(x;y)dX;

wheref (x;y) = (x;y)(x?+ y?): Using this assumed function it follows that if is a constant then

z z,
QM) = (x;y)(x2+y?)dX =  2r 3dr=( a %=2) = (m=2)a’:
J 0

Derivation. Kinetic energy experimentation with a ywheel with movable weights attached to
its surface indicates that for actually physical regionsJ; there does exist a \small enough” simple
partition rectangle S such that there are two pointsx; ¥ = (y1;y2) 2 int(J\ S) 6 ; andQ(J\ S) =

(%) (y2 + y3): For this particular subrectangle S it is also observed that their exist two such points in
S with the same property for Q(S): The same conclusion apparently would hold for all other simpe
partition rectangles with a \smaller diagonal length." [Th is generalization to \all" such rectangles
appears reasonable.] Letrfi;; m,) 2 N? be the generator of the simple partition P such that S 2
S(P): Let the set of partitions P generated by the pairf (x;y) (x;y) 2 N>~ (x my)*(y my)g:
Then P is an acceptable partition. Letting f (x;y) = ( x? + y?); which is continuous onR; then the
result follows from the Method of Constant Theorem 6.4.3.
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6.5. The Hyper nite Method.

Except when the operational approach to physical quantities is used most authors when dis-
cussing the properties of rigid body motion immediately foice upon the reader the imaginary notion
of the point \particle." Synge and Grith ; in the text mentioned; use exclusively this technique.
Also; even though it may not be apparent from his example in the prevous section) Morley motivates
all of his derivations similarly. It is now possible to estadish in a somewhat rigorous fashion that
the technique of particles is adequate.

As a prototype; we again concentration upon a nonempty plane Jordan-measable region J:
Letting be an appropriate density function and d and appropriate distance function; from line °

of rotation one establishes that the moment of inertia is
Z

1(J) = (%) d?(x%) dX: (1)
J
By *-transfer of the hypotheses of Theorem 6.4.3 it follows hat for a simple ne partition P =

members of, & K; = int( J\ S)suchthat 1(K;)= (%) d(¥) v(K;): Observe that properties
of Jordan-measurable sets and the measureimply that int( J\ S;) is *-Jordan-measurable and that
v(Ki)= v(J\ S);whichleadsto I(J\ S)=(36) d(¥) v(Ki)= (36) d() v(J\ S) =
[ (J\ Sj): There is a nonempty internal A N suchthatA = fn n2 NA1 n NIVS, 6 g:
From the additivity of | it follows that

X
1(J) = (%) d(y) v( I\ §): )
j2A
In the standard case for everyP 2 P and fS;;:::;Sy,g= S(P) there are; of course two nite

X
1(J) = (%) d(y)vQ@ \ §) = st(1(J)): 3)
j=1

It's equation (3) above that yields the concept of the particle point masses by deningm; =
(%) v\ §) and; hence

X
1(3)=" mpd)v\ §) 4)
j=1
If now one assumes the particle point mass equation (4) holdor each member ofP then *-transfer
yields X
1(3)= m; d(¥) v(J\ §): (5)
j2A
The process of introducing (i) the additivity of 1; (ii) simplifying the terms of the sum; if
possible by reducing to other geometrical quantities and (iii) extending to the hyper nite ; is called
the hyper nite method . However, this method is unnecessansince it is but a simple extension of
the Method of Constants. Note that for non-discrete quantities it is; technically; not correct to say
that we \extend the nite sum of quantities to an in nite sum o f such quantities" or some similar
expression as is often done by Maxwell and others. The sum isom; in general an (external) in nite
sum; but; is an internal hyper nite sum. The conceptual and formal di erences between these two
concepts are considerable.

54



In nitesimal Modeling, Part |

But looking at our de nition 5.1.1 for the integral ; we are lead to the usually not appreciated,
approximation methods. It follows that for any position real r there is a simple partition P and a

Q= f%1;:::%0;
o) P v(S) 1) < (6)
i=1
Now eachS; is of one of three types. (8)S; R int(J); (b) K =int( J\ S§;) =int( J)\ int(S;) 6
; and int(S;) 6 int(J); (c) int(S;) int(J): Let @A; A R" denote the boundary points  of A:
In case (a) sincev(@J =0; v(J) = v(int(J)); @J R int(J)and v(S) 6 0 then there exists some
x 2 S such that x 2 J: In case (b)and (c) there is somex 2 int(J)\ S: Consequently, there is a nite

(k@) POk V(S) 1) <r; (7)

i=1

where the S; are all of type (b) or (c) and each ¥y 2 int(J): Yet there exists a simple partition and
another sequenceS®= fz;:::; g that contains a subsequenceS) = f#);:::; %q 9 such that

(&) (&) V(S) 1) <r; (8)
i=1

and all of the rectanglesS; are interior rectangles of type (c) and each#;) 2 int(J):
Of course these special selections of members in idt] extended to the NSP-world and equation
(8) reads as

(Z()) POkay) V(S)  1Q);
i=1
and all of the in nitesimal subrectangles S; are interior subrectangles of type (c) and eachz(; 2
int(J):

Thus there are many di erent NSP-world con gurations and expressions that have the same
N-world e ects. These e ects are obtain by application of the standard part operator. However even
though it is obvious that all of the procedures discussed in lis section and the above numbered
expressions give a very detailed and analytically correct pproach to in nitesimal modeling - an
approach that reveals much about the nature of the NSP-worldmodel - an early introduction of
these in nitesimal concepts into an elementary expositionfor physical modeling is often unnecessary
and, indeed they will tend to submerge the new discoveries expressed byhe self-evident theorems.
On the other hand; under certain circumstances it appears necessary to include these in nitesimal
notions. In the next section; | diverge brie y into certain instructional aspects of these discoveries.

6.6. Instruction.

The basic methods of in nitesimal modeling revolve about the application of simpli ed physical
or geometric theories to \simple con gurations" within the N-world environment. For the physical
sciences natural system behavior is viewed locally with many of the requirements of the self-evident
theorem assumed. Physical modeling is viewed as objectivehite geometric modeling is subjective.
Physical modeling deals with observation and experience \l the behavior of natural systems. Ge-
ometric modeling; while originally motivated by physical concerns has become a subject of abstract
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de nitions. This is obvious from the applications made in chapter 5 for there; the properties of the
geometric measures are paramount and are global propertiegbtained from mathematical experi-
ence. The local self-evident rules and even the in nitesimbrules in this chapter are more relevant to
natural system behavior. However both the geometric and physical may be more closely associed
with IR3 and IR4 then rst assumed.

Experience dictates that the simplest and rst level of comprehension for physical concerns is
obtained from the two theorems on the Self-evident Method ofConstants. They would be the easiest
to apply for the neophyte. There is a reason however, why in certain cases the actual in nitesimal
rules IR3 and IR4 need to be applied. This is especially the e for geometric measures. These
rules would be a second level of comprehension and this entsia certain basic familiarity with
in nitesimal concepts. Moreover; the generating functions for a perceived linear functionalneed
not be the integrand utilized. Indeed; many of the rules and integral notions within chapter 5 and
chapter 6 can be expressed by hyper nite summation that yietls internal functionals not just the
standard extension of a standard concept. An example of thigs our proof of the \length of a curve
integrand" in appendix 6 on pages 209{210.

In the proof for the length of a continuously di erentiable curve c:[0;1] ! R" an internal
functional is de ned for the length of a; possibly broken hyperpolygonal line determined by a
hypercurve c: [0;1]! R" with coordinates functions fj: [0;1] ! R: This internal function
may be consider de ned as follows: letftjg be any hyper nite partition of [0;1]: Let T be any
nonempty internal; hence hyper nite; subset off tjg containing two or more members. For each pair
of elements inT generate the hyperline segments determined by the curvec and considerky; k from
Example 4.4.1.A. Finally; consider the internal hyper nite sum operator over the internal set of
the kv k determined by T: Let L denote this internal functional. Now for each internal subinterval
S determined by T dene L(S) = L( int(S)): This is our *-additive functional de ned over the
set of all such internal functions c: Under the given hypotheses it is shown that for any internal
subrectangje S; taken from a simple ne partition of [0; 1] there exists somet; 2 S such that
kv k=dt jnzl ( fjo(ti))z: The expression on the right is the standard extension of the tandard

function jn:1 (fjo(ti))2 while the expression on the left isL (S)=dt: Thus our basic de nition for

the length of a curve - one that with a slight generalization is also shown to be equivalent to
recti ability - almost satis es IR4 with the exception that IR4 is written in terms of a standard

additive functional not an internal *-additive nonstandar d entity. It is obvious how IR3 and IR4

would be modi ed to include such internal functionals.

The fact that geometric de nitions are subjective in character would allow us to de ne many
such concepts entirely in terms of in nitesimal concepts. This would be an aid in developing many
integral statements about n-dimensional geometric propeties in terms of integrals de ned on k-
dimensional spaceswherek < n:

6.7 Realism.

| will not ; at this point ; dwell upon the philosophical modeling concept termed \realsm." This
concept assumes that all mathematical objects within the mahematical formalism correspond to
objects within objective (physical) reality. There is; however, an interesting historical fact relative
to the rejection of realism. Even though Bohr rejected compéte realism for his concept of quantum
mechanics in order to force a type of physical completenesspon this theory - a completeness that
is now known to be in error [Aerts [I1984] ] - he was not the rst to do so. In his 1909 treatise on
his theory of electrons Lorentz accepted the notion of an ether but rejected comple¢ realism. \I
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should add thaf while thus denying the real existence of ether stressese can still avail ourselves of
all the mathematical transformations by which applicationof the formula (43) may be made easier.
We need not refrain from reducing the force to a surface-intgral; and for convenience's sake we may
continue to apply to the quantities occurring in this integral the name of stresses. Only we must
be aware that they are only imaginary onesnothing else than auxiliary mathematical quantities.

Perhaps all this that has been said about the absolute immbtyi of the ether and the non-existence
of the stressesmay seem somewhat startling. Lorentz [1952:31]

As far as geometric modeling is concerned the concept of réain is not as signi cant as when
it is applied to physical problems. In nitesimal modeling may be considered as a partial realism.
The notion of a continuum model in an ultimately discrete world seems non-realistic. However
what is being modeled is macroscopic and large scale behavianacroscopic and large scale e ects
upon observers and other objects. It is not the actual physial entities that are being modeled; but
rather; the e ects these entities produce relative to a speci c set ¢ scenarios.

However, on another level modern physical theories often deal with entities that are rot directly
observable only their indirect e ects emerge within the laboratory setting. Technically; these entities
are speculations that may in time be replaced by yet other speulative objects. Indeed using special
techniques the language that actually expresses physical theories is athematically embedded into
the natural numbers by a Gedel coding; which is then embeddd into a nonstandard structure. The
linguistics of the physical theory produces a new collectio of statements that tells us about the
behavior of a new world called in general] the NSP-world. [Herrmann 1987] Within this world
we are not speculating ad hoc about in nitesimal objects it is the standard theory that generates
their logical existence and even predicts some of their ex&rordinary properties. Whether or not
such entities are accepted as \real" or not depends upon theiusefulness. In case you may have
missed it previous, | again quote the following from the rst paper Robinson published relative to his
formal theory of in nitesimals. \ For phenomena on a di erent scale such as considered in Modern
Physics the dimensions of a particular body or process may not be obsable directly. Accordingly
the question whether or not a scale of non-standard analysis appropriate to the physical world really
amounts to asking whether or not such a system provides a bettexplanation of certain observable
phenomena than the standard system of real numbers. The pdsiity that this is the case should be
borne in mind." Fine Hall; Princeton University. [Robinson 1961]
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Chapter 7.

PURE INFINITESIMAL
INTEGRAL MODELING

7.1 Brief Discussion.

This basic manual is intended to present brief accounts of vaous approaches to in nitesimal
modeling so that individuals may select the method the is mosappropriate for their discipline. In
Chapter 5; the standard and global type rules for integral modeling areintroduced in a piecemeal
fashion. Each of the applications in that chapter depends upn an in depth knowledge of the
properties of a speci ¢ functional that measures a speci c gometric or physical quantity. Actually ;
as is clear from the derivations it is more likely that the properties of the speci ¢ function al are
selected in concert with the requirements of the In nite Sum Theorem. As for Chapter 6, although
the Self-evident theorems are more general in charactethey still rely upon the In nite Sum Theorem
as the proofs of Theorems 6.2.2 and 6.4.1 indicate. Howevein generat neither the approach of
Chapter 5 nor the approach of Chapter 6 appears within the pre1960 literature. Previous appliers of
the concepts of in nitesimal reasoning relied heavily upona pure in nitesimal approach that is highly
discipline orientated and which makes a direct appeal to theRiemann styled sum and De nition 5.1.1.
This pure in nitesimal approach relies upon expedient de nitions for elusive geometric or physical
entities within the NSP-world - entities called by the general term \elements.” The collection
for geometric modeling includes the basic elements of IR2 irChapter 6 and various Euclidean
compositions and decompositions of these con gurations.

For each discipline ; the collection of elements is sequentially de ned from the m ost
basic through the more complex in a ; hopefully ; consistent manner. It is almost always
the case that the de ned objects are taken from those in the Nworld that behave in the simplest
possible discipline de ned manner and this simplistic behaior is then impressed by *-transfer upon
the NSP-world. For geometry; the selection of an acceptable set of elements is somewhat neo
arbitrary than for physical disciplines. The experimental or observational disciplines rely upon
the concept of what might be termed as_simple or idealized bedwior and well-grounded physical
methods of approximation. However after the in nitesimal elements have been selected thenin all
cases of which | am awargthe rigorous derivations that these elements lead to an intgral model
are very similar. Thus; there may be an unconscious interplay between the approprig element as
axiomatically selected and the rigorous method. Examination of the literature leads to the following
general observations.

() The in nitesimal elements are axiomatically selected; per discipline; and the concept of
(hyper nite) summation is applied. Whether or not this summ ation can be calculated by means of
a Riemann styled integral is somewhat secondary.

(i) In anticipation of an analytical approach ; it has become customary to employ certain symbols
and terms that tend to describe inaccurately the actual situation. As a prototype consider the symbol
ds: In in nitesimal modeling this is a general symbol that represents any of the lengths of hyperline
segments that comprise any of the hyperpolygonal curves thiadetermine the length of a geometric
curve. With respect to our notation ds = kv k: Only when actual attempts are made to calculate
the length of the entire curve are additional analytical constraints placed upon the representing
functions. For modeling purposes the geometric or physical elements are considered more basin
character in order to avoid; if possible all of the well-known analytical di culties.

(i) Restriction to the monadic environment takes place only when an n-dimensional quantity
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is being measured with respect to an n-dimensional partitio. Otherwise; the in nitesimal elements
span both the N-world and the NSP-world; portions are monadt and portions are not.

(iv) The selected in nitesimal elements are not unique even in their general character.

In the next section; certain elements will be selected for problems in elementgrin nitesimal
geometry. Following this; analytical constraints will be applied so that elementary integral expres-
sions can be rigorously derived. These rigorous derivatiandisplay common derivation features that
should be apparent. Indeed the common features already appear in the proof on page 127 &t
gives the length of a continuously di erentiable curve relaive to the hyperpolygonal approximating
curves discussed in examples 4.4.1.A and 4.4.1.B.

7.2 Geometric Elements.

The rst and most basic measure that appears in Euclid's geonetry book is the length of a line
segment. | repeat with slight modi cations ; the information in example 4.4.1.A for the generalization
of this to curves.

Recall that a curve is a continuous mapc:[0;1] ! R": This is equivalent to considering c
as determined by n continuous coordinate functionsx; = fi(t); 1 [ n each dened on
[0; 1] R: The geometric curve C determined by these functions is usually considered as the

xj= fi(t); 1 i n;eachdenedon [0;1] R and they generate the \hypercurve" C R":
Let Q be any ne partition of [0; 1]: By *-transfer, Q behaves like an ordered partition of the
interval [0; 1] as de ned in the standard sense and we writeQ = ft; 0 i g: The internal

members of the hypercurve C: Now for eachi =0;:::; 1;andeachj; 0 j nlet fj(ti+1)
fj (ti) = d(j;i): Sincecis continuous then eachd(j;i) 2 (0): Foreachi 2 N suchthatO i 1
the internal set *j = f(X1;::5;%n)i8j 2 N; O j  ny xj = fj(t)+ t(dGi)~t2 [01l]gisa
hyperline segment connecting the two points (f1(ti);:::; fn(ti)); ( fa(ti+ )S .5 fa(ti+1)) on the
curve C: From this one obtains the internal hyperpolygonal curve Pg = f7j0 i 1g:
As to the length of Po simply extend the concept of length in the classical sense byge ning for
achi = 0;:::; 1 the vector % = (d(1;i);:::;d(n;i)) 2 R": Then let the hyper nite sum
i:Ol kwk=jP j2 R:Forthe curve ;the geometric element is the hyperline segment i
Even though; in general you would have a di erent hyperpolygon with a di erent hyper real length

for 8 2 Nj the following Proposition is proved in appendix 6.

Theorem 7.2.1. Consider continuousc: [0; 1]! R": Then c is recti able if and only if there
exists someL 2 R such that for every ne partition Q of [0; 1]

st( jPqj)= L:

Application 7.2.1. The 2-dimensional area between two continuous curves usinthe 1-
dimensional integral.
Give continuousf :[a;b! R and continuousg:[a;b! R;wheref (x) g(x)foreachx 2 [a;h]:
Then the area between the curved and g is
Zy
) (a(x)  f(x))dx:

59



In nitesimal Modeling, Part |

Derivation. From the NSP-world view point each curve is viewed as any hypepolygonal
line created by any simple ne partition of [a;b]: Let Q be such a simple ne partition. For
agivenl; = [xi;xj+«1] 2 S(Q); let “(f); be the corresponding hyperline segment determined
by the curve f and “(g); that determined by g for the interval |;: Select as the in nitesimal el-
ement the hypertrapezoid ; T;; with sides "(f );; "(@); and the hyperline segments with end points
f(xi; g(xi); (xi; f(xi))gandf(xi+1; 9g(Xi+1); (Xi+1; f(Xi+1))g: Observe that this hypertrapezoid
selection is consistent with the NSP-world view of a curve ad the hypertrapezoid is composed of
*-Euclidean composition or decomposition of our previous} de ned basic elements. By *-transfer
the hypertrapezoid's hyperarea A(T;) = (1S:2)(( oa(xi) FO))+( og(Xi«x) f(Xj+1))) dx: As was
done for the length of a curve let T(Q) = fT; 0 i 1g and consider the hyper nite sum

A(T) = A(T(Q)): 1)
li2 S(Q)

From this de nition it follows that
Z,
st( A(T(Q))) = ] (g(x) f(x))dx: 2)

4 Rather than relegate the proof that there exists a uniquer 2 R such that for any simple ne
partition Q of [a;h; A(T(Q)) 2 (r)to the appendix we present it as follows by investigating the
behavior of the expression ((g(x;) f(xi))+( 9(Xi+1) f(Xj+1))): From the uniform continuity
ofg; f itfollowsthat ( g(xi) f(xi)) (9(Xi+1) f(Xi+1)):Hence A(Ti)=(( g(xi) fx)+

i) dx; where ; 2 (0): Consequently,

X X X
A(Ti) = (Cgxi)  f(xi))dx+ i dx: 3)
li2 S(Q) li2 S(Q) li2 S(Q)
By considering the nite case it follows that there exists same 2 fj jj 0 i 1g such that
=maxfj jj 0 i 1g and; hence 2 (0): By *-transfer we have that
X X X
i dx j ijdx dx= (b a2 (0): 4)
li2 S(Q) li2 S(Q) li2 S(Q)
Thus X
idx= 2 (0): (5)
li2 S(Q)

Therefore; (2) can now be written as

X
A(Ti) = (Cg(xi)  f(xi))dx+ (6)
12 S(Q) 12 S(Q)

Since the function (g(x) f (x)) is bounded and integrable and the partition Q can also be considered
as an internal immediate partition then Theorem 5.2.2 yields

Zy

X X
st( A(Ti)) = st( ((oxi) fxi)dx)=  (g(x) f(x))dx (7)
112 S(Q) 112 S(Q) a

and this completes the proof.4
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The above derivation certainly appears interesting exceptfor the obvious fact that the hyper-
trapezoid con guration is not a unique geometric element. The key to this derivation is the
process that begins with the statement that the values are imitely close () and the expressions
(3)(4)(5)(6)(7). The derivation would hold for hyperrecta ngles hypertriangles and the like. Hyper-
rectangles yield the same 1-dimensional integral expressns. Hypertriangles yield 1/2 the indicated
integral expression and so forth. This non-uniqueness for elements is sometimesonsidered one
of the basic di culties with in nitesimal modeling both for the geometric and physical. However
since the concept of area obtained by integrals is supposea the an extension of the Euclidean area
measure then any element that does not yield such an extensiocan be rejected. For elementary
calculus the use of the hypertrapezoid is very expedient when the usuadimensional integral ex-
pressions for the basic geometric measures are consideredt will be our element of choice in this
case.

Application 7.2.2.  Volume of revolution using the 1-dimensional integral.
Given continuousf :[a;b! R wheref(x) 0 for eachx 2 [a;b: Then the volume obtained by
rotating this curve about the x-axis is

Zy
f 2(x)dx:
a
Derivation. Let Q be a simple ne partition of [a;b: For a given |I; = [Xi;Xij+1] 2
S(Q); let (f); be the corresponding hyperline segment determined byf: Consider the hy-
pertrapezoid composed of hyperline segments(f);; |; and hyperline segments with end point

f(xi;0); (xi; f(xi)g; f(Xi+1:0); (Xi+1; f(Xi+1)g: The rotation of this hypertrapezoid about the x-
axis is the frustum of a right cone F;: By *-transfer ; the volume of such a *-geometric con guration
is V(Fi))=(@=3) (f?(xj)+f (xi)féxiﬂ )+ f2(xi+1)): Assuming the usual *-additivity ; the volume
of the entire con guration F(Q)= fF; 0 i 1gis

V(Fi)= V(F(Q)): 8
li2 S(Q)

From this de nition it will follow that
Zy
st( V(F(Q)) = f 2(x) dx: 9)
a
Noting that f2(x;)+ f (x;)f (Xi+1) + f2(Xi+1)  F2(xi) + f(xi)f (xi)+ £2(x;) = 3f2(x;) then
(9) follows in the same manner as in the derivation for appliation 7.2.1.

Application 7.2.3.  The surface area of revolution using the 1-dimensional intgral.
Given continuous di erentiable f:[a;! R wheref (x) 0 for eachx 2 [a; b: Then the surface
area obtained by rotating this curve about the x-axis is
Z, b
2f (x) 1+ (f%x))2dx:

a

Derivation. Let Q be a simple ne partition of [a;b: For a given |I; = [Xi;Xij+1] 2
S(Q); let *(f); be the corresponding hyperline segment determined byf: Consider the hy-
pertrapezoid composed of hyperline segments(f);; |; and hyperline segments with end point
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f(xi;0); (xi; f(xi)g; f(Xi+1:0); (Xi+1; f(Xi+1)g: The rotation of this hypertrapezoid about the x-
axis is the frustum of a right cone F;: By *-transfer; the surface area of such a *-geometric con-
gurationis S(Fi)) = (f(x))+ f(xj+«1)) j(f)ij; where | (f)ij is the *-length of the hyperline

segment. In appendix 6 j‘g )ij = kak: Assuming the usual *-additivity ; the surface area of the
entire con guration F(Q)= fF;, 0 i 1gis
X
S(Fi) = S(F(Q)): (10)
1i2 S(Q)

From this de nition it will follow that
Z, b
st( S(F(Q))) = 2f (x) 1+(f9x))2dx: (11)
a
Now the complete derivation uses the proof of the integral lagth formula that appears in
appendix 6. There it is shown that kvik = = 1+( f9x;))2dx + ;dx; where ; 2 (0): But;
f(xi)= f(Xi«1)*+ i; i 2 (0): Therefore f(xi)+ f(xj+1)=2 f(x;)+ ;:Sincef is bounded
then S(F))= (f(q)+ f(xi+)) JE)j=21F (xi) 1+( fAx)2dx+ ;dx; ;2 (0): The
derivation is completed by application of steps (3)(4)(5)(6)(7) as demonstrated in application 7.2.1.

+ IMPORTANT +

) Please note that for applications 7.2.17.2.2, and 7.2.3 the actual de ning geometric quanti-
ties are given by equations (1) (8) and (10), respectively. The geometric con gurations T(Q) and
F (Q) composed of the hyper nite union of the respective in nitesimal elements may be considered
as members of the nonstandard extension of the set of all ordary Euclidean con gurations. Con-
gurations T(Q); F(Q) are internal subsets of appropriate *-Euclidean entitiesthat do exhibit a
standard area or volume measure. By *-transfer of the standed properties of geometric measures
relative to subsets it follows that the standard part of each of these expressions exists as a real
number. What is established in these applications under theanalytical constraints given is that the
standard part is expressible by the indicated integral. (

Relative to the in nitesimal geometric elements; | have not altered the requirement that for the
n-dimensional integral these elements be the in nitesimalkubrectangles. In the latter sections of this
manual; since it is written for individuals with a strong undergradu ate mathematics background
the Jordan-measurable generalization for the basic rectagular region was used. As far as a Jordan-
measurableJ is concerned do we ever need to consider any subrectangle thia not in the interior
of J?

Let Jordan-measurable J R R" and let Q be any ne partition of R: It is sometimes
useful to assume thatJ is a closed subset oR (hence compact). For; if J is not closed then
recall that the Jordan-content of J; v(J) = v(J): Intuitively ; think of J as any of the or-
dinary regions studied in elementary calculus with their in tuitive boundary ; inner
and exterior portions. Using these ideas of boundaryinner and exterior portions of J; the
set of all subrectangles determined byQ; which is denoted by S(Q); may be separated for-
mally into three disjoint hyper nite collections. Let the s et of boundary subrectangles be
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@Q)=fS S2 S(Q”*S\ Js6 ;» S\ (R" J) 6 ;g: Observe that if S 2 @Q); then
S (p)and (p)\ J 6 ; and (p)\ ( R" J) 6 ; imply that p2 @J): Now consider the
set of exterior subrectangles ext(Q) = fS S2 S(Q*S (R" J)g: Finally; the set of
inner subrectangles is inn(Q) = S(Q) (@Q)[ ext(Q)): Observe that the boundary subrectan-
gles generate boundary points ofl: However, by consideringJ to be a rectangle or the interior of
a rectangle then it is clear that there may exist someS 2 inn(Q) or S 2 ext(Q); respectively, such
that S (p) and p2 @J): It is de nitely the case; however, that S  J if and only if S 2 inn(Q):
Of course the sets@Q); inn(Q) and ext(Q) are mutually disjoint. This leads to the very useful

Theorem 7.2.2. Let Jordan-measurable J R R"; boundedf:J! R;and Q be any ne
partition of R: Let hypernite S(Q)=fS 0 i 1g: Assume that there exists a hyper nite
sequencel;; where U; 2 S for each S; 2 S(Q). Then

X X
st( f(U) v(S) = st( f(U) v(S)):
S(i)2inn( Q) S(i)2s (Q)

Theorem 7.2.2 indicates as expected that only the interior in nitesimal subrectangles are
signi cant when modeling with respect to the Jordan-content of any set.

Application 7.2.4.  Volume obtained by 2-dimensional integral.
Suppose that compact Jordan-measurable) R R": Let continuous f:J ! R For each

x2 J let f(x) 0: Then the volume between the surface determined by and the xy-plane is
z

f (x) dX:
J

Derivation. Let Q be a simple ne partition of R and consider someS; 2 S(Q): From the NSP-
world viewpoint; the surface curves obtained by intersecting the surfaces Wi planes parallel to
the coordinate planes are hyperpolygonal lines. Since thehoice of the particular hyperline seg-
ments is arbitrary and S = [xi;Xi+1] [Vi;Vi+1] then consider the *-Euclidean con guration
TR(S;) composed of the truncated hyperrectangular solid with S; as its base and its top a par-
allelogram with adjacent sides the hyperline segments$ (x;;V;; f’\(xi;yi); (Xi;Yi+1; f’\(xi;yi+1 )g and
f(xi:yi; f’\(xi;yi)); (Xi+1:Vi; f’\(xi+1 ;¥i)g Using the *-Euclidean mgasure for the volume V(T (S;)
then once again *-additivity yields for the con guration TR(Q)= fTR(S) 0 i 19

V(TR(S)) = V(TR(Q)): (12)
S(i)2S (Q)
Investigating the various con gurations TR(S;); and using the *-Euclidean measure of these con g-
urations then Theorem 7.2.2 yields that

V(T(S) X V(S): (13)
S(i)2inn( Q) S(i)2S (Q)
SinceJ is compact then
f(xizyi)  f(Xitvien)  f(Xiaasyi): (14)
Applying the *-Euclidean measure formula yields that V(T(S)=( f(x;;yi)+ i)dX and the

method of Application 7.2.1 yields
z

X X
st ( V(T(S)) = st( V(S) = f(x)dX: (15)
s(i)2inn( Q) S(1)2S (Q) J
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For integral modeling; physical in nitesimal elements are based upon the Method ofConstants.
It assumes that the physical quantity being considered hashie same e ect as if it were concentrated
at some point within subrectangle or another similar object The method is essentially outlined
by Maxwell in his previously quoted descriptions. Clearly, such in nitesimal physical modeling is
highly discipline orientated and is closely associated wh simple mind experiments.

Application 7.2.5.  The value of the electric eld vector at a point P exterior to the plane of
a charged 2-dimensional closed and bounded Jordan-meashta region.

Consider a Jordan-measurable regiord; a point P = (a;b;q; (c 6 0) in space exterior to the
plane. Let (x;y;0) be a continuous charge density function de ned onJ: The scalar value of the
electric eld at P is Z

(x;y; 0)

JE(a;b;9j = ; (X aZ+(y b2+ 2 :

Derivation. (The method of point charges.) For a single point chargeq at a distance r
from P; the de nition of the scalar vaule of the electric eld is jEj = g=r’: Let J R R?;
(xi;¥i; 0) 2 J; and consider a simple ne partition Q of R: If one considers a point charge with value

(xy;0) V(S); (xy;0)2 S 2inn(Q); then jE(a;b;gj = ( (x%y%0) V(S)=((x a)?+(y b?*+
¢?): But the function h(x;y) = (x;y;0=((x a)?>+(y b)?+ ¢?) is uniformly continuous on J:
Thus

(x%GY%50) V(S)=( (xi;¥i;0)+ 1) W(Si) =
(Xi;yi;0) v(S) + i V(Si);

where ; 2 (0): Assuming that the scalar value of the electric eld for any nonempty nite set
of point charges is the sum of the individual values and that wthin any 2-dimensional rectangle
S; with charge density (x;y; 0) there is some point where the entire charge can be considet as
concentrated or that for a constant charge density the total charge is v (S); then *-transfer and
the method used in applications 7.2.1 and 7.2.4 imply that tre scalar value of the electric eld atP
due to the charge onJ is

JIEs(P)i=st(j Es(P)j) =

X
st( ( (x%Y%0) (S)=(x a?+(y b+ )=

S(i)2inn( Q)
z

(x;y;0) .

g (X @Z+(y bZ2+c2

Remark: In 7.2.5; it is not correct to simply consider the points (x%y%0) 2 S;: It is always
necessary that the chosen intermediate partition be interral. Further; extending the concept of the
constant charge density is a major approach to in nitesimal modeling since if (x;y; 0) is continuous
on compactJ; then behaves in a constant-like manner in that if in nitesimal S J and p;q2 S;
then p g implies that st ( (p)) = st( (g)): Using the physical element conceptthis is called the
elemental method of constants.
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Chapter 8.

REFINEMENTS FOR
INTEGRAL MODELING

8.1 A Very General Approach.

Hurd and Loeb [1985] construct a very general integral concept. For exampleconsider any

hyper nite fxi;:::;x g X; let B be any set of internal hyperreal-valued functions de ned onX;
and fa;;:::;a _ga xed set of hyperreal nonnqgatlve nLEnbers They then congler the hyper nite
sum operator de ned on eachf 2 B by f = ;& f(x;): This and other examples are

generalized and an entire theory of integration is developtda that incorporates various classical gen-
eralizations of the Riemann integral especially the Lebesque. They apply their theory to stochasc
processes such as the Poisson process and Brownian motionin& the background necessary to
study their generalization is beyond the scope of these marals; their theory will not be presented.
Indeed; except for concept of hyper nite summation, their general goproach is probably unsuited for
elementary modeling. Our goal in this last chapter on integal modeling is to examine more closely
the speci ¢ contents of the hyper nite sum as de ned in de ni tion 5.1.1 relative to modi cations of
its geometric or physical meaning.

Recall de nition 5.1.1. Let f:R! R be bounded andP the set of simple partitions of R: Then
f is said to be integrable if there exists some 2 R and a simple ne partition; P 2 P such that

r each of its internal intermediate partitions Q = fv,0; where 1 ¢ 2 Ny ; it follows that
k=1 f(¥g) V(Rq) 2 (r):

Obviously; modi cations can be made in the concept of the basic partition P or the intermediate
partition Q: Such modi cations are discussed at the conclusion of this dapter. It is important to
stress at this point something that is not apparent about this de nition. It is immediate from
examination of the proofs in appendix 5 that; basically, there are two reasons why this de nition
works. First; v(Rq) 2 (0). And; secondly, due to behavior of the measurev; the integral value r
is independent of the ne partition chosen. This must be taken into consideration if the partition
concepts are not to be altered. For the basic modi cations that follow; we extend the partitioning
requirement to any arbitrary ne partition and any arbitrary intermediate par tition and modify the
terms of the hyper nite sum with a view towards applications as they appear in elementary calculus
courses.

8.2. The Line Integral.

Let bounded :[a;b ! R: Our rst consideration is to modify the value of the *-measure
v([ti 1i;ti]); where t; 1;t] [a; b: We know the importance of the \increment" in the calculus;
hence our rst modi cation is to replace v([t; 1;t;i]) with the standard extension of the increment
operator. In place of v([ti 1;t;]) write  (t;) (ti 1): What happends if is continuous? Well
inthat case; if t; t; 12 (0);then (t;) (ti 1) 2 (0) and one of the most basic requirements
for that factor of the term of the hyper nite sum is met.

De nition 8.2.1. (Riemann - Stieltjes Integral). Let boundedf:[a;h! R and bounded
‘[a;b! R:Thenf is RIEMANN STIELTJES Integrable with respect to if there exists a
real r such that for any ne partition P = fa= to;:::;t = bgof [a; b and any internal intermediate
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partition Q = ft9;:::;t%g of P it follows that

FE) (1) (ti 1)) 2 (r):

i=1

Rather than investigate the Riemann-Stieltjes integral asde ned in 8.2.1, | pass directly to the
line integral of elementary calculus. Referring to example4.4.1A; let bounded c:[a;b! R"; c(t) =
(ca(t);:::;cn(t)) be considered a curve with graphC: Assume thatE R"; C E and bounded
F:E! R":Write F asF (%) = (f1(%);:::;fn(3)): Consider the composite function fc):[a; ! R"
de ned by (Fc)(t) = (fo(c(t));:::;fn(c(t))); t 2 [a; b: Notice that if tJQ 2 [ty 1] [a; b; then;
letting denote the \dot" (inner) product,

X
(Fo(t)) = - Tl o) alty 1) clt);

where & = c(tj) c(t; 1) represents the directed hyperline segment portion of somayperpolyg-
onal curve representation forC: Now taking a hyper nite sum yields

0 X X 0
(Fo(t)) = fiCet)(al 1) cy) =
j=1 j=1 n=1

fiCetN(alty 1) a(y)) :
i=1 j=1
: . P 0
Hence if for each i = 1;:::;n o fi( c(t?))( ci:;t,- 1) G(t) 2  (ri); then
iz (FO()) % 2 (ri+  +ry): Onthe other hand; if ., (Fc)(t)) & 2 (r) and for
eachi =1;:::m; o fi( i) (a(y 1) c(t) 20;thenst( o, fi( c(tP)( a(ty 1)
Ci(tj)) = ri impliesthat r1+  r, = r: This leads to the notion of the line integral as an extension
of the Riemann-Stieltjes integral.

De nition 8.2.2. (Line Integral). Let bounded c:[a;b ! R"; c(t) = (cu(t);:::;¢cn (1)
be considered a curve with graph C: Assume that bounded F:C ! R"; where F(x) =
(f1(%);:::;fn(%): Consider the composite function §Ec):[a;b ! R" dened by (Fc)(t) =
(fo(e(t)); o fa(c(t))); t 2 [a;b: Then F is LINE INTEGRABLE with respect to C if there
exists some reak such that for any ne partiton P = fa= tg;:::;t = bg of [a;b] and any internal
intermediate partition Q = ft?;:::;t%g of P it follows that

(FO(t)) ~ 2 (n):
j=1

In which case we write
X Z
r=st(  (FOt)) »)= F dr:
j=1 ¢
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+ IMPORTANT +

) In the next derivation; the signi cant method of the maximum and minimum is applied
to physical elements. This approach is di erent than that used in integral rule IR3. Moreover; a
special relationship between the work done by a force eld ogr a hyperline segment and points
on a recti able curve is advanced. This relationship aids inour comprehension of energy related
NSP-world properties.(

Application 8.2.1.  Energy expended within a force eld while moving along a cune.
Let c:[a;b! R" be a continuous di erentiable curve with graph C: Assume that continuous
F:E! R";openE C: The work done in moving through the force eld on the path C is
z Zyp o
W(C)= F dr= fi(ca(t); s ca(t))C(t) dt:
c a =1

Derivation. In experimental physics the concept of \work" (energy expended) is introduce.

All one needs to do is to establish its properties for a polygo nal curve. Suppose we have
continuous force eld F:E ! R": Let P, R" be any nite polygonal curve; °; one of the line
segment portions ofP, with % = (cu(tj) cu(tj 1);:::6 () c(t) 1)); denoting this line segment

considered as a directed line segment in the direction of main through the eld F: If F is constant
on ' ; then the work done moving along”; is dened asW('j) = F (% =k¥ K)k¥; k; where length
of 5 = kv k: What if the force eld is not constant? Consider Py as represented by a continuous
“[a;b ! R" and assume thatF is dened on ": Then for a given *; = f(xa(t);:::;xa(t)) t2
[t 1;t;]g there exists somety; tm such that Wi (Tj) = F((tm)) &% W)= FC@{) =
Wwn (Cj) = F((tm)) % foreacht 2 [t; 4;t;]: Let's make the one assumption that the actual amount
of work expended moving along the line segment; is W('j) and that W, (") W) Wm():
Then from continuity there exists some hJQ 2t i;tjlsuchthat W('j)=F (‘(h?)) % : The idea of
the nonconstant force eld over a line segment is embedded to the the NSP-world by *-transfer
assuming that what has been established above holds for alush polygonal curves. Hencglet P be
a hyperpolygonal representation for the curve generated by ne partition ; °j an hyperline segment
in P : SinceF is continuous onE then F isdenedonP :ltfollowsthat W('j)= F(j (hJQ)) o
For polygonal curves in general the work done is an additive function. Thus for the hyperpolygonal
curve P

X
W(P )= FCi(hD) e 1)
j=1

We now show that there exists a real numbeW (C) such that for any ne partition P and any

Consider
xo
F(ot)) = _ fiC )i e alty) Gty 1): 2)

The curve ¢ being continuously di erentiable on [a; b] implies that ¢ (t;) Gty 1)= X))+
i (4t 1);where j 2 (0): Hence F( c(t))) ¥ =
!

fi( et () X))t 4 1)+ i (G o) (3)
i=1 i=1
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Consequently, F( c(tP)) = =
fil a)iin w) )G 4 D+ j &t 1) (4)
where j 2 (0): Once again this yields F( c(tJQ)) N =
i=1

U N G Y )

. . o P
Now continuing the basic elemental derivation process  leads to i=1 F( c(tJQ)) ¥,

fiCca(t);in () Q) t 1) +; 2 (0): (6)
j=1 i=1

Therefore, from Theorem 5.1.2

X
W(C) = st( F(ct)) )=
j=1
Z b X0
fi(co(t);::o; e (t)d(t) dt: (7)
a j=1

The fact that this is a line integral follows from De nition 8 .2.1. Finally, it will almost always
be the case that the special energy property F(; (tJQ)) v = F( c(t?)a) ¥+ jkwk 2
(0); tP = h{ holds. [See note [2] on page 148.] Sin& is rectiable then ~ ;_; F(j ()
iz F( c(tJQ)) ¥ : We are using the hyperpolygonal representations forlC as the basic NSP-
world entity to determine the N-world physical e ects. It is clear that the appropriate measure for
the work expended moving along the pathC should be the unique valuest ( i=1 F(; (tJQ)) )
obtained in (7). This completes the derivation.

Obviously ; derivation 8.2.1 also establishes the elementary method fo r the calcula-
tion of a line integral.

8.3. Order Ideals and Approximations.

One often reads in the literature that such and such an expresion is a \rst- order approx-
imation" or some such phrase. These vague approximation carepts can be discussed from the
in nitesimal viewpoint and ; indeed lead to the notions of the \microconstruction" and \microef -
fects."

Theorem 8.3.1. Foreach 2 (0)theseto()=f h h2 (0)gis anidealin (0):

De nition 8.3.1. (Order Ideals). For a given 2 (0) the set o ) is called an ORDER
IDEAL (of in nitesimals)
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We brie y investigate some of the basic properties of the orer ideals. (I note that these order
ideal properties appear for the rst time in this manual.) Fi rst; it is obvious that o( ) = o( ): In
all that follows; let (0)" = fx x2 (0)~ x 0Og be the set of allnonnegative in nitesimals
The next theorem seems to be one of the more signi cant ones leive to order ideals.

Theorem 8.3.2. Let 2 (0)': Suppose thatw2 Rand0 w h 2 o(): Thenw2 of ):
Theorem 8.3.3. Let ; 2 (0)':1f0 ;theno( ) o) ando( ) isaidealino():

Are there order ideals such thato( ) o )and o ) 6 o )?

(1) Let 0 < :: 2 (0':Theno( ) of)ando( )& of):

(2)Letn2 N* =N f 0g; 2 (0)":Theno(") of" 1) o()ando( )6 o( 1); 1
i;j n;i6j

Suppose that you have the seff 1;:::; ,0: Then consider the chainC; : o( 1 n)
of 1 n 1) o( 1): The chain C; is just one possible chain of order ideals leading
from o( ; n) to o 1): Such chains are used for comparison purposes anth this case, the
ideal of 1 n) is called ann'th order ideal where in general such ideals aso( ) are called
rst-order ideals. Part of this chapter will deal with the relation between n'th order ideals and

the in nitesimal concept of n'th order approximations. It i s useful to consider other operational
methods that might generate di erent order ideals rather than simply restricting their generation
to products of in nitesimals.

Letf 1;:::; kO (0O): Dene o 1;:::; k)=F 1hy + + khg hi2 O0O"*1 i kg
Theorem 8.3.4. Let =maxfj 1j;:::;j «jo: Then o( 1;:::; )= o ):
Theorem 8.3.5. Let =maxfj ij;:::;j «jo: Then

o( 151055 1) = 0(q i+ + D=0

Thus neither the di erence of in nitesimals nor the *-Eucli dean norm is a useful process for the
generation of higher order ideals. As will be illustrated through out the remainder of this manual,
the n'th order ideals are related to the notion of the n'th order approximation. Refer back to all
of our derivations where the basic elemental derivation preess is used. In each casa single term
of the required hyper nite sum of elemental measuressay M (); is investigated for an arbitrary
simple partition of in nitesimal volume dX: The derivation shows that this term is equal to the
value of a standard extension say F (%;); plus hdX; whereh 2 (0): Consequently,

M() F(%) 2 o(dX):
This expression also yields an equivalence relation whichsioften denoted by the algebraic notation
M () F(>%) (mod o(dX))

and is expressed by stating that M () and F (x;) arein nitely close of order ~ dX. Hence to apply
this derivation process the values M (') are not just in nitely close to F (%); in a general sense; byt
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they are in nitely close of order dX: Noting that for an n-dimensional integral dX = dx; Xp it
follows that; from a comparative viewpoint; M () and F (%) can be considered a nitely close
of order n. In the literature ; you will also nd the less descriptive expression \M () is in nitely
close to F (%) compared to dX" as a synonym for \in nitely close of order dX." The reason it
appears necessary that such quantities need to be in nitelyclose of orderdX is that the steps in
the derivation process that proceed from this step require éhyper nite sum to be extracted and the
results must remain in nitely close.

One little observation about the order ideals that are creaed by products. If06 r 2 |
1; 1] (0); then for any 2 (0); it follows that o( r) = o ): To see this Theorem 8.3.3 yields
that o rj)=o(r) o(jj)=o):Let h 2 of):Sinceh=r2 (0);then ( r)(h=r)2 o(r ) implies
that h 2 o r): Further; note thatif0 6 2 (0);then r 20o() of :)

8.4. nth Order Increments.

In the next section; we investigate exactly what one means by a tangent line to a awe c at a
point p; where c is di erentiable at p: First; however, it is useful for this and the future sections on
modeling by means of the derivative or di erential to formally consider the NSP-world view of thenth
order increment (nth di erence). For n 2 N* and boundedf :[a;nb]! R; recall that the nth order
increment ; "f(x;b);is de ned by induction; where forx 2 [a;nb]; by f(x;b)= f(x+ b) f(x):
This leads to the general expression

X n X n
"f(x;b)= (1)K  FHn k= ( 1)k o O+ kb):
=0 =0

k k

Notice that as an operator the *-nth order increment; ( ") f(x;b)= " f(x;b):

Theorem 8.4.1. Let 1 n 2 N: Suppose thatf (" D:[a;nb]! R andthat f(M:(a;nb)! R;
wheref (K) denotes thekth derivative of f: Then there exists somet 2 (a;nb) such that "f (a;b) =
fM )b

Corollary 8.4.1.1 Let1 n 2 N: Suppose thatf (" D:[a;b! R and that f(™:(a;b! R;
then foreachdx 2 (0)" andc2 [a;b);there exists some 2 (c;ct ndx) such that " f(c;ct dx) =
f (M (t) (dx)":

Theorem 8.4.1 holds if the hypotheses are appropriately atired tof (" Y:[a na;b]! R and
that f(M:(a na;b)! R: In this case Corollary 8.4.1.1 may be altered todx 2 (0); dx< 0; ¢2
(a;b; t 2 (c+ ndx;c)and " f(c+ dx;c)= M (t)(dx)":

Theorem 8.4.2. Let1 n 2 N: Suppose thatf (" D:[a;h! R andthat f(M:(a;b)! R:If

c?2 (a;b); then for eachdx 2 (0); dx O [resp. dx < 0]

f(c) (dx)" " f(c;c+ dx);[respf (c+ dx;c)] (mod o((dx)")):

One important aspect of Theorem 8.4.2 is that the quantitiesf " (c) (dx)" and " f(c;c+ dx)
are not simply in nitely close; but ; rather; are in nitely closed of order n: For an in nitesimal ;
dx; Robinson and those that founded the in nitesimal calculus mnsider " f(c;c+ dx) to be the
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nth order di erential of f at c: However, most other authors still retain the notion that d"f (c) =
f (M () (dx)" = f{M(c)dx"; which | shall retain as well. Under the hypotheses of Theorm 8.4.2
it follows for nonzero positive [resp. negative] in nitesimal; dx; that d"f (c)=dx" " f(c;c+
dx);[respf (c + dx;c)] = f(M(t) and; hence st(d"f(c)=dx") = st( " f(c;c+ dx);[respf (c +
dx; o)) = f("M(c):

Finally ; all that has been said aboutnth order ideals is extended to m-dimensional objects of
the form o"( 1;:::; m)= o 1) o( m):

8.5. Microgeometry - Tangents to Curves.

A tangent to a curve c:[a; ! RP is usually de ned as the intuitive limit of a set of secants.
How might this be viewed within the NSP-world? In order to analytically answer this question; let ¢
be di erentiable at t 2 (a;b): Next; letanyr2 [ 1;1]:Fix 2 (0)" and letf; be the coordinate
functions of c: The Fundamental Theorem of di erential calculus states; in in nitesimal form, that
there exists someh; 2 (0) such that

fitt+r )= i)+ £ )+ hi(r ): 1)
Foranyr;2 [ 1;1] (0); equation (1) then yields; sinceo(r; )= o )
o(t+ry )= ot)+ cAt)(ry Y+ (he o hp)(r ), (2)

ot+ri) o)+ c{t)(ry ) (mod o"()): ©)

Each component ofo™( ) is a rst-order ideal and what follows next is a direct result of this
fact and the concept of theresolving power of a microscope. Expression (1) is rst transformed
into an external relation determined by

g(t+r )= fi)+ FAO(r ); (4)

gt+r )=o)+ cA(r ): (5)

Assume that we are \looking at" the geometric NSP-world situation with an in nite powered
microscope with \rst-order -resolving power." Physically; this corresponds to the idea that if
the distance between two objects is a member of a rst-orderdeal o( ); then the objects cannot be
resolved (i.e. cannot be distinguished one from the other.)A simple proof shows thatifr 2 [ 1;1];
then the best we can say is that

kct+r ) gt+r )k2o): (6)

Equation (6) does not mean that for selectedr the valuekc(t+ r ) gt+ r )k may not be in an
nth order ideal. Indeed; if r = " 1; then this would be the case. Thus (6) means thatin generat
o( ) is the \smallest" order ideal that can be guaranteed to confain this value in all possible cases.
For an\ -in nitesimal microscope" (abbr: -IM) with rst-order -resolving power, (6) implies that
within the eld of view

oft+r )= gt+r )= clt)+ ct)(r ): (7)

A microscope is suppose to magnifyhowever. How is this feat accomplished. The pointc(t);
is being considered as the center of view of the-IM and this point is translated to the origin.
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This gives us the expressionci(t+r )= ct+r ) c(t) = cXt)(r ): The magni cation and
resolving power of ordinary microscopes are related. Hencéor consistency consider for anyx; 2 R
and ; 2 (0) the general in nite magni cation operator M(X1 1;::55Xp p) = (X15:155Xp);
which is also assumed to be linear If you wish to specify a specic Shaped eld of view, say a p-
dimensional closed sphereyou can also restrict this magni cation to jp:1 sz 2: Obviously; both
the translation and magni cation can be combined into one operator. Letting; as beforer 2 [ 1;1]
the nal view inthe -IM only shows the hyperline segmentf m(f q(t)r ;:::;f S(t)r Jjr2 [ L1;1lg=
fFEOR:sf M)r2 [ Lig= frjr2 [ 1;1]g:

8.6 Microgeometry - Surface Elements.

The well-known di culties of determining a single Euclidea n con guration as an appropriate
approximation for the surface of a 3-dimensional object wil not be discussed in this manual. [Se€e-
sari [1956] ] Instead; | pass directly to analytical considerations with the appropriate constraints.
LetopenG R?: Assume that+:G! RS2 and that for (u;v) 2 G the continuous partial derivatives
tu(u;Vv); *(u;Vv) exist. Let ¥, (up;Vvo) = 8; ®(Uo;Vo) = Dand ja T & 0: In order to be consis-
tent with requirement IR2 ; de ne; in matrix notation on column vectors; the linear transformation
L:R3! R? as follows: 0

ri(Uo;vo) ar b
L= @ry(ug;ve) a bA: 1)
rs(Uo;Vo) as bs

In the previous section a hyperline segment portion of the tangent line was viewed vthin
an IM. The same procedures are now applied to the tangent pla@ to the surface generated by
+ Let (s;t) 2 [ 1;1] [ L1l =1; ; 2 (0)": Then the set Rs = f(u;v) (u;v) =
(up+ s;vo+t )" (s;t) 2 1gis an internal in nitesimal rectangle and Rg ((ug;v0)) 2 G: The
linear transformation L transforms the internal set of vectorsf (1;u up;v Vvo)" (u;v) 2 Rsg=D
onto a con guration L(D) which is a *-Euclidean hyperparallelogram containing +(uo; Vo): When
considered restricted toD; this linear transformation can be expressed by

R(u;v) = #(up;vo) + (U ug)a+ (v vo)b: (2)

Using the *-Euclidean concepts this hyperparallelogram is a NSP-world portion of the standard
tangent plane to the surface at+(uo; vo): Two adjacent sides of this hyperparallelogram have end
points R(A) = #(ug;Vo)+( )a+( )b R(B)= #(uo;vo)+( )a+( )b R(C)= #(ug;vo)+( )a+
( )b: This yields two hyperline segments of hyperlength ABj = k2 ak and jJACj = k2 1k; with the
hyperarea beingk(4 )a k=4 ka k= ka bkdX:

Now to analyze the order ideal relationship between membersf this hyperparallelogram and
the surface itself assume that+, and ¥, are continuous at (Uo; Vo): The Fundamental Theorem of
Di erential Calculus in in nitesimal form ; implies that for any s and anyt ; (s;t) 2 | there exists
~2 3(0) such that

HUup+ S ;vp+t )= +up;vo)+ s a+t D+ k(s;t )k~ 3)

Considering any s;t) 2 [ 1;1] [ 1;1] a simple proof yields that

k #(up+ s;vp+t) R(up+ s ;vp+t )k2 olmaxf; g)= o( ): (4)
The magni cation operator for our ( ; )-IM is the mapping m(xy; +vy; ;:::;X3 +y3 )=
m(Xxy + y1;:::; X3 + y3); where the x's and y's are hyperreal numbers. Translating and magnifying
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k(up+s ;vp+t )yields as the nalviewinthe (; )-IM the hyperparallelogram fsat+tb (s;t) 2 I:g
BUT, these results are more signi cant than a simple exercise in @alyzing the IM view of the
tangent plane.

Thus far we have decided upon three types of geometric elemtn

(A) Recti able curves , hyperline segments and hyperpolygonal curves.

(B) For 1 - 3 dimensional geometric measures by means of the dimensional integral, hy-
pertrapezoids.

(C) For n-dimensional integrals , in nitesimal rectangles.

These elements are intuitive in character and only by meansfoa restrictive analytical description
are physical quantities relative to them; such as massin nitesimal energy and the other applications
given in this manual; actually calculable by means of the integral. However as evident from all that
has preceded most individuals consider the integral as but a hyper nite s um of entities
that are intuitively de ned and do not; generally, concerned themselves with the di culties in
calculation. | have been slightly restrictive in some of thebasic de nitions by requiring that functions
that generate hyper nite sums; at least; be bounded. Of coursein certain cases this restriction might
be relaxed. Indeed in the older literature ; geometers utilized intuitive in nitesimal geometry and
these notions were not expressed originally in terms of anyuch analytical constraints.

If S denotes the geometric point-set called a surfacghen S is the hypersurface. If intuitively ;
T S s the set of surface points at which tangent planesT to S exist; then T is the set of
points in S at which the hypertangent planes T exist. For the surface integral the geometric
element -the surface element ; - is an in nitesimal parallelogram containing a point from t he
hypersurface. This surface element is considered to be cained in a hypertangent plane. As such
this element has an in nitesimal aread : From the viewpoint of in nitesimal modeling this
description of the geometric surface element is adequate. From the view point of surface
integral calculation; since there are in nitely many geometric surface elements bdi erent area ; such
a description is not su cient.

The only question that remains is which collection of surfa@ elements should be required for an
analytical de nition? For this elementary manual ; the *-Euclidean area notion will be maintained
along with a xed set of vectors normal to the hypertangent planes. LetE R? and bounded
£:E | R3: Suppose thatS = f+#(u;v) (u;v) 2 Eg and that for nonempty T® E the set
of points #[T9 = T is called a set oftangent points to the surface S: Further; there exists
a mapping ~:T ! (R® f 0Og); where each (t) is called a normal vector to the surface S:
Then eacht 2 T denes a unique tangent plane T (t~(t)) = f(Xg;:::;%x3)  (Xg;:::;X3) 2
R3/M ~(t) ((xq;:::;%3) t)=0g R3 AssumethatE R R?: If P%is any partition of R;
then there exists a nonempty nite set of subrectanglesR? R such that T°\ R?6 ;; 1 i k
and for each suchR? there exist the intermediate partitions Q%= ft9;:::;t2g such that t?2 R\ T¢
Hence for any ne partition P of R there exists a hyper nite set of in nitesimal subrectangles

(P)=fS S\ TY6 :~ S2 Pgand a corresponding set of internal intermediate partitions (P):
These ideas and notations are used in the next de nition.
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De nition 8.6.1. (Surface Integral.) Let the surface with its tangent planes be de ned as
in the above paragraph and assume that boundedr:S! R:Let E R R?: Then F is said to
be SURFACE INTEGRABLE with respect to S if there exists some simple ne partition P
of R and somer 2 R such that for each intermediate partition Q 2 (P)

FO#Dk~( £tk v(S) 2 (n):

S2 (P); t022S\ Q

[Remark. In the de nition of the line integral ; it is required that all ne partitions be con-
sidered. This was done so that consideration could be givernotrecti able curves that need not be
continuously di erentiable. It is obvious that De nition 8 .6.1. is styled solely for the integral as
de ned by 5.1.1.]

Since it is clear from Theorem 7.2.2 and De nition 5.1.1 thatfor F to be integrable with respect
to S the values F( +#(t9)k ~( +(t9)k must be obtained from an integrable function de ned on an
appropriate Jordan-measurable] R R?; | see no need to state the various well-known functions
that lead to this conclusion - with one exception. Let compa¢ J R R? and bounded+:J ! R?
generate a surfaceS: How do we generalize the concept of Euclidean area to such arface?

Suppose that+(u;v) = p+ ua+ vb; where p; a6 0; B 6 0 are xed members of R® and
(u;v) 2 [a; b  [c;dl= J: Then ¥[J] is a paralelogram with area equal to §f c)(b a)ka ™©k: But;
+, = aand t, = B: Assume that K =int( J) W, where W is a set of Jordan-content zero. Then
taking other simple Euclidean surfaces generated by corrg®nding simple sets of surface equations
leads to the conclusion that it should be required for functons+:J ! R3 that +,(u;Vv) and +,(u; V)
exist and kr,(u;v) +,(u;v)k 6 0 for (u;v) 2 K; if area preserving surface integration is desired.
This is precisely the starting point for elementary analysis. Notice that the linear transformations
that correspond to IR2 are pointwise de ned and each is conslered to generate only the specic
hyperparallelogram associated with a speci c term in the hyper nite sums used in De nition 8.6.1.
| leave it to the reader to combine the elemental method of costants on surface elements with
De nition 8.6.1 to obtain the concept of ux of a vector eld a cross a surface.

8.7 Microgeometry - Other Stu .

What about the geometry of the coordinate transformations? In general, it appears neces-
sary to consider stronger constraints then for surface intgration. If a map f:R ! R™; where
R R™; is to be considered a coordinate transformationthen it needs to be considered locally
in nitely close to a linear transformation determined by a nonzero Jocobian. What this signi es is
that each m-dimensional in nitesimal subrectangle is mapped onto an in nitesimal parallelepiped
- a hyperparallelepiped. Thus the in nitesimally partitio ned space is distorted into a space of hy-
perparallelepipeds. All the details as to why this appears Bcessary can be found irStroyan and
Luxemburgbeginning in section 5.8 [110].

In the above mentioned section of the book by Stroyan and Luxeburg; you will also nd in
section 5.8 the in nitesimal approach to orientated partit ions via di erential forms. In section 5.9;
the authors investigate the in nitesimal calculus on manifolds. In all of these sectionsthe authors
extend the integral concept to internal functions that usually preserve monads. Thus their integral
concept although it is the same as has been presented here for nonstdard extensions of standard
functions; is actually de ned on a wider class of objects.
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8.8 Gauge Integrals

Recently; additional emphases has been given to a generalization of ¢hRiemann sum called the
gauge integral [Swartz and Thomson [1988]. This integral concept is also called the Riemann-
complete integral, [Henstock [1961] ]; or S-integral; [Mawhin [1985]]; among other names. The
gauge integral can also be generalized to thdarnik ; Kurzweil ; Schwabik [1983] integral (the
M-integral ; Mawhin [1985].) Indeed a Riemann sum styled generalization leads to the classical
Lebesgue integral McShane [1973]. From the in nitesimal viewpoint ; all of these generalizations
are very similar.

For the S and M-integrals; a positive real valued function; ; called agauge is utilized to select
not only a special partition but a special intermediate partition as well.

Within the NSP-world a set of gauges determines an internal napping " from R R™
into (0) called a microguage. However, associated with every gaugge ; is an object (Q ;P ) =

and Q = fty;:::;tkg is a partial sequence where eacl, 2 R: Such an object Q ;P ) called a
- ne partition . Thus for a microguage’\ there exists a hyper nite subdivision Pr= fS;;:::;S g
of R and an hyper nite intermediate partition Q~ = fty;:::;t g: The pair (Q»;P.) is called a
micropartition. | point out that each member of P is an in nitesimal subrectangle in this case.

For a function f:R ! R¥; Mawhin [1986] shows thatf is S-integrable if and only if there exists an
£ 2 R¥ such that for each micropartition (Qa; P») of R

f(ti) v(S)2 ():
i=1

Mawhin gives a completely similar characterization for the M-integral but replaces the general
micropartition with the more specialized regular micropartition.

Looking at another type gauge which | shall call the L-gauge; ; and a corresponding partition
pair (Q ;P ); where it is not assumed that ift; 2 Q ;thent; 2 S 2 P ; McShane [1973] de nes
his integral by the same Riemann sum technique. TheMcShane integral is equivalent to the
Lebesgue integral. Using the same technique employed by Mawn; the following is established in
appendix 8.

Theorem 8.8.1. A bounded functionf:R ! R is Lebesgue integrable with valuer 2 R if and
only if for each L-micropartition (Q»;Ps) of R

f(ti) v(S)2 (r):

i=1

Thus from the in nitesimal viewpoint there is no basic di er ence between any of these integral
concepts discussed in this section.They are all hyper nite sums ; where each term is the
scalar product of a limited object (the value of a bounded fun ction) by the volume of
an in nitesimal subrectangle.
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